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Theoretical background for electron transport

— Non-Equilibrium Green“s Functions (NEGF)

— relation of NEGF to the Landauer-Biittiker formalism: conductance=transmission

— NEGF for different system partitionings:
4-parts (STM, Cesar lecture)
5-parts (single molecule geometry)

— spin-polarized transport
— NEGF with Density functional theory (DFT)

Selected results on spin-polarized transport in molecular junctions

— perfect spin-filtering by orbital mismatch of wave functions

— efficient spin-filtering by quantum interference

— spin-orbit torque exerted on a magnetic molecule
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Charge transport: set up the problem

atomic-scale
electrode junction electrode

many-body interactions
(e-e, e-ph..)

|
'
vV

Calculate current  I(V)

General framework — Non-Equilibrium Green“s Functions (NEGF) (Ref. [1,2])
[Kadanoff and Baym, and independently by Keldysh in the early 1960’s]

@ Elastic (coherent) regime, no many-body interactions

Landauer-Biittiker formula for elastic conductance:
G = I/5V = GOT(EF)
Where T(EFr) s the total electron transmission at the Fermi energy;

Go = 62/h Is the conductance quantum (per spin).



NEGF: short motivation 4

Disconnected junction

Left lead (L)

ML :EF+€V/2

Central part (C) Right lead (R)

eV/2
12 —eV/2
MR = EF — 6V/2
hr, hc hr

rigid shift rigid shift

Tight-binding like Hamiltonian:
h=hr+hc+hr=> Vanchcn

{m,n} are localized orbitals (like s,p,d,..)

Known state 1)

=

b =10r) ® [vo) @ |Pr)

e |

Fermi see: 4.  ground state

\

Fermi see: URr

Connected junction

Left lead (L) Central part (C) Right lead (R)

perturbation =V + W+

AN
couplings ~ many-body
interactions

Unknown state W
?



NEGF: short motivation 5

Mean value of any observable O : O(t) = < t)‘ \If> L On(t) = en HtOe w1t
Adiabatic switching on interactions:
) = 50, ~o0) ¥) On(t) = $(0.1)0(1)S(t.0)
with the evolution operator: +

S(ta, t1) =T {exp < - % /ttz 5ﬁf(t)dt> }

Contour R
o T 0 Ci O
O(t) = (¥ |$(=00.)0n®)8(t, —00) [0) — — )
(0 U C_

Four main Green functions are needed due to two branches on the contour:

ZhG7>nn (tg, tl) = < ém H(tg)él,% (tl)‘ \If> , or G (tz, tl) — greater

IhGS (ta,t1) = — < 1 (t1)ém, H(tg)) \1;> Cor GE(ta, 1) _ lesser

ZhG:rm (tQ, tl) = (9(t2 — tl) <\If [Cm H(tg) 2l (tl)] ‘ \IJ> — retarded

_|_
ihG?nn(t% tl) — _e(tl — t2) <\Ij [ém,%(t2)é;{b7%(t1)} N \If> — advanced




Simple example: noninteracting electrode GFs 6

7
h=> tonthén = enéhin e (t) = épe” 7okt
mn k
In time domain: Fourier transform to time domain:
ihgy; (ta,t1) = [1 — f(ep)]errtr=t2) g7 (B) = —2mi [1 — f()|0(E — &)
ihgy (ta, t1) = — f(ex) encrir2) = GS(E) = 2mi f(e1)0(E — &)
ihgh(ta. t1) = O(ty — ty) e =t2) 1
i g/ “(B) = .
ihgi(ta,t1) = —0(t; — to) encr(i=t2) ELin — e

where Fermi-Dirac distribution: f(FE) = [1 + e(E_“)/kT]_l

In any basis too:
g7 (B) =1 - f(E){g"(E) — ¢“(E)} >
g<(B) = —f(E){g"(E) — g*(E)}

1
r/aE _
9" ) = F

Well-known relation with Cauchy principal part:
+ i7T5(E — €k)

1
E+in—c¢, (E—5k:




NEGF: general expression for electron current 7

Left lead (L) Central part (C) Right lead (R)
Ny =) cle I LR
jeL :
1 W, Y
Vie CR
d<NL,’H(t)>
Starting with: I; = —e
g L d
Final expression:
</> _ </> </> </>
GC/C =GoelXp ™ + 3R+, 1GEe

€

Iy .

[ B IS Gl - 2765

GYs = (B — Hoe — B3/ — 5" — s/t

nt
i

Dyson equation:
Gr/a _ gr/a _|_gr/aVGr/a _|_gr/a27f/aGr/a

nt

Contact self-energies:
/() = Vorg (E)Vie
SE(E) =Vergi(BE)Vie = — fu(B)Verlgr L (B) — 970 (E)Vie = ift (E)TH(E)
S7(E) = Vorgr (BE)Vic = —i[l — fu(E)]T"(E)

With coupling matrices defined as: ' = (X} — X%)



NEGF: coherent (elastic) regime 8

Left lead (L) Central part (C) Right lead (R)

Wint =0 ML e

LU AN LN
Vie Mt Ver

If no interactions are present in the Central part (elastic or coherent regime): Pz — ()

nt

€

Iy ;

/ dE T |ifL (B)TH(E)G(B){ — il = fL(B)TE(E) — i1 - fa(B)TR(E) | G*(E)

il = fL(B)PH(E)G (B){i fL(E)TH(B) + i fa(B)TR(B) }G(B)|

1 [[72(B) = Fa(E))- TP (B)Grc () (E) G E)E

Denoting Tr[['*(E)GY-(EYTH(E)GYLo(E)] = T(E)

We arrive at: I;, = %/[fL(E) — fR(E)]T(iE’)dE

Transmission function ?



Scattering problem: Landauer-Buttiker formalism 9

At fixed energy E:

Decoupled leads Junction
|Q>Z’n _“ |Oé>q,n _“- ------------- > Z tﬂ/a |B/>out
|Oé> ': |&> ': 3
|a>out<_' Z’I"Ba ‘6>Out === {7
B/
4 |B/>zn Zta[gl ‘Og> o e | e ’6/>zn
C 8 g t C18)
‘~_> ‘ﬁ,>out hC ‘s ----- '» Z TOLIB/ |O/>out
hr hgr hr; Vic Ve, hrp 7
azl,..NL 6/:1,..NR

NL/R — number of channels = bands crossing the energy E

injout @re normalized to carry the unit current
When the coupling is switched on:
{o,} = {& 5}
Energy-dependent transmission is defined by:

Tior = ltgral” = D ltap " = Toer = T(E)
B/a Oéﬂ’



Scattering problem: Landauer-Buttiker formalism 10

Decoupled leads Junction
|a>in hd |Oé>zn _“ """""""" > Ztﬁla |B/>out
) @) .
‘a>out<_' Z?"Ba |B>Out og=-===== {7
B/
L4 |5/>’LTL Ztaﬁ |Oz> ¢ L e | |/6/>zn
. ou 4
LB g LB
s_>|5/>out hC temme '»Zra B |Oé >out
hr hgr hr Vic Ve hp °

{aaﬁl} > {5‘76,}
Lippmann-Schwinger equation (Ref. [3]):
&) =la)+g"(E)V|a); V =Vie+ Vge + h.c.
and GFs for decoupled system are:
g (E)=[E+i6—h]™" h=hr+hc+hg
Iterating:

&) = la) + g"(E)WV |e) + g"(E)V [¢"(E) + g"(E)Vg"(E) +...]V|a)

— e
—

full G™(E)




Scattering problem: Landauer-Buttiker formalism 11

and therefore: @) = |a) + ¢"(E)V |a) + ¢"(E)VGT(E)V |a)

In the decoupled leads GFs can be coveniently written in terms of asymptotic states as (Ref. [3]):

Nt Nr
gi(B) = =210 Y _|a), (al; gr(B) = =2mi Y |8} (5
a=1

F=1
so that the scattering wave in Leads, originated from |a), take the following form:

| >—>|Oé _27‘-7’2’6 OUt Z Vﬂm mn na 27TZZ|£ OUt Z VB’m mn na

m,neC m.ncC

with Vg: = (8|Vic|m) and V5T, = (8'|Vrc|m)
It follows therefore that reflection and transmission amplitudes are given by:

. E L L . E :
m.neC m,neC |

|

hopping propagation  hopping
C — R Cc —-C L—C

Finally, the coupling matrices in the diagonal <, B’ basis take form:
rl = on Z ViV TR, =20) VI VE

mo T an?



Scattering problem: Landauer-Buttiker formalism 12

So we now arrive at the final expression for the Trace:

T Gl RG] =4 > ViAVLGLViEVE,.Ge

m ™~ ms1
iklm,aa’
L r L% ~rx* Rx* 2
E : Vozk:Gk:l‘/la V szvma E : ‘tOéOé’| — TL<—R — TL—>R =T
iklm,aa’ aa’

Keeping in mind:
tﬁ/<_a = tﬁ/a = —2m Z V,B’mG:nnVnLa7 toz(—ﬁ’ = ta/B/ = —2m Z amYYmn nB/
m,neC m,neC

a
T[T GLTEGY ] =T

Landauer formula for electric current:

I:e/h/T(E)[fL — frldE;  fr/r(E) = :

1 + e(E NL/R)/kT

with otal transmission T'(F) = Z tsral?
B'a
In the linear regime (small bias):
G=1/§V =GyT(Ep)
where Gy = 62/h, is the conductance quantum (per spin).



Methods for transmission calculation

— Scattering approach, wave function matching

wa —>E

A RN

DBl

Z A S =
Tﬁawﬁ . E |*| rl ql

B :

A 28

Pt
¢
o

E—» Z tgratp
37

T = Z ‘tﬁ”a|2
B o

— Non-Equilibrium Green Functions (NEGF)

R

C
L
\r_*’
"’\’_:"‘{\r"\‘/’\ R/\P'
v e b i
X |
Gco

T = T[T GLTEGY ]
INZREE @< E/R - Z%/R)

ZL/R — contact self-energies

T = Aout/Ain
Time evolution with Schrodinger equation:

o

few el. wave packets /fs (~ 1/h)

13



NEGF: 4 parts division, relevant for STM

14

C
L - o R
Tip Substrate Vir =0
Vir=0
- v
A 2 /,f N > <

Vir Perturbation = V,




NEGF: 4 parts division, relevant for STM

15

C
L - o R
Tip Substrate Vir =0
VirR=0
- v
vy v e A/
Vir Perturbation = V},

T = Tr [TFGL TG ] = Tr [TFGTRGY]

Dyson equations: G = gVirGrry Grr = g + 9-Vi Gy

:

Glr — gl%rgr + gl‘/lrgr‘/rlGlr
Expanding iterativly:
G = gl‘/lrgr + gl%rgrvrlgl‘/zrgr + ... =g [Wr + ‘/lrgr‘/rlgl‘/lr + ---]gr
\

|
Tir

Introduced this way 7T - matrix can be written as:

727’ — ‘/l'r’ ) []- — gr‘/;“lgl‘/lr]_l — ‘/lr ) Dr

Sowe get: Gy = ¢;7;-g-  and similarly: Gri = - Tri01

which describes propagation from one side to another with renormalized hopping elements



NEGF: 4 parts division (STM set-up) 16

C
L 7 - R
Tip Substrate
R -y
Vir
T ="Tc[Uf - g/ Tingr - Ty - g7 Toigr] = Tr (977 gp - Ty - 970 gy - T

[ S —

Non-perturbed (by V},-) Green functions are:
-1 -1

g =[E—h -/ e i(gl —gf )=i(S[—%%) =T}

Multiply on both sides by ¢/

2w =i(g; — 97') = g; Fl 9] = g Fl qr

and g;’" Similarly:
2npr = i(g; — g7) = 97T} gy = 970 gy

density of states density of states

And finally:

T = 4n°Tr [plT;’:,Orp ] = 47°Tr [pl‘/errpr rlDzz]

In lowest order, 1;,. = V., T; = Vi, and we recover the well-known expression.

r



NEGF: 5 parts (single molecule junctions) 17

C
L [ S r R
o{}-o Vi =0
w 4. .\\ v

v v st Vsr v Perturbation = Vj,, Vi,

The transport goes fully through the active region (s), a molecule, for example



NEGF: 5 parts (single molecule junctions) 18

C
L [ S T R
0{}-& Vir =0
A A S Perturbation = Vj,, Vs,

The transport goes fully through the active region (s), a molecule, for example

Again: T — Ty [FLG"C}CFRG%C} = Tr [FZLG}}FfG?z}

Dyson equations:
G = gl%sGsr; Ggr = Gss‘/;?"gr

;

Gl'r = 3gi ‘/ls Gss VS'I"g'I“

expressed in terms of the GF of the active region, G

Therefore:

T ="Tr [} - i VisGr,Vergy - T - 92V3 G, Vgt



NEGF: 5 parts (single molecule junctions)

19

<
L B [ S r -
w ‘ * v

Tr [I7 - g VisGoVargy - TF - g2 VesGLVagt] = Tr [VagiTr giVis - Gig - Vargi TR giVes - G2
\

Using derived above

-~

relations for 4-parts division:

Vagi Tt g Vis = Vali(g] — g/)Vis = i[%] — 2] =T" >
"9 =9 )]

Vsrgiiffgﬁws = Verlilgy — 90)|Ves =20 =27 =17

Its GFs are gived by:

Gl = [BE—hy -z} =2/

And we arrive finally at:

T ="Tr "G, I"GY,]

Coupling matrices
of the active region



Resonant tunneling via molecular orbitals 20

| Molecular levels 4

-
S —
.

T=Tr[['GTI7GY]; G/ =[E —h,— X}/* — xr/o)!

In the basis of molecular orbitals: h, = diag{e,} Example: benzene, two connections:
| ' | ' |
Independent coupling: ¥ = diag{¥; o}
e}
. o ay g
Wide-band approximation: E%a = qET’O‘ £
=]
=

— similar for the right connection, r

In this case the total transmission takes the form: 10 = '4 ' '2 ' /0 ' é ' 4'1 '
E (eV)
rLpr destructive interference
T:ZTC“; To = E 2 arolé 'r)2/4
o ( - 80&) + ( o + a) /
. . 2 _
If symmetric coupling: T, = a2 5 e To —1lat B =g,
(B —¢ca)?+ 1% resonant tunneling

If non independent couplings, possible interference;: —*> 1" # Z T,; T — 0 atsome energies
(8



Spin-polarized transport

T="Tr[D'GLI"GY]; GUo=[E—hy—x)* —xr/9~!
I =i[S] — 57 = Vali(g] — 9")Vis ~ 27|Val*p1 — similar for r
Spin polarized transmission, T) # 1T, T =T) +1T)

Two possible mechanisms:

a) (ferro)magnetic electrodes b) magnetic molecule
p+ # py — spin-dependent I’ het # hs)
s s ,
Spin-dependent s o o
hybridization \V ‘
@ @ @.W -
S Spin-polarized Spin-polarized
molecular states molecular states
| Er Er

B

Molecular DOS
Molecular DOS

Ty (Er) # T (EF)
G = GT + Gi = (62/h)[TT(EF) + Ti(EF)]



DFT calculations for transport: construct Hamiltonians

22

(Spin-dependent) hyr,hc,hr,Vic,Vor —7

C DFT (Density functional theory) calculations in

L R equilibrium state:

— perfect lead calculations
— central scattering region

periodic conditions gy percell 4

finite cluster preeeennnnnnnnnna :

— Self-consistent Kohn-Sham (KS) equations of DFT:

[—h—2V2 + VKs("“)] ¢i(r) = €i(r)

2m

n(r’
Vks(r) = V(r) + € / ﬁd?’r’ + Vieln(r)
occ \ \ exchange-correlation potential of n

no (7“) — Z |¢z(7')|2 Hartree potential
)



Codes for transport simulations 23

TranSiesta: DFT in localized basis set, NEGF
QuantumATK: DFT in localized basis set, NEGF
Fireball: DFT in localized basis set, NEGF

Kwant: large-scale tight-binding, scatt. approach and wave packets

Electron transport with Quantum-ESPRESSO (QE) plane wave code:
— PWcond: plane-waves, scattering approach:

Vo ——>

—>Zt5/0‘¢ﬁ/
> rsats ™ £ B
B/
— TBcond: «tight-binding», NEGF or wave packets:
N .
| |Ujgeed ¥
Wannier90 code: Hamiltonian
Vks Vin
QE: DFT calculations ———» h = Z Vienc! cn; Vipn = (m|Hppr|n) ——» TBcond

Hppr mn
in localized Wannier orbitals
{m,n} = s,p,d, ... — atomic-like orbitals



Finite voltage: NEGF + DFT 24

At finite applied voltage:

ur=Ep+eV/2 hx(V) = gx(V) = 3x(V) = TIx(V); X=LR
eV /2 —_— *
Ep — —eV/2 T(E,V)=Tr [[*(E,V)G(E,V)I'E,V)G*(E,V)]
- ur = Erp — 6V/2
",
Ve "



Finite voltage: NEGF + DFT 25

At finite applied voltage:

ur=Ep+ev/2  ___ levelalignment hx(V)—=gx(V) = 2x(V)—=>Tx(V); X=LR
V> 7 v
Er — —eV/2 ---------- T(E,V)="Tr [FL (E,V)G"(F, V)FR(E, V)GY(E, V)}
. ir = Ep — eV/2 67l = (B~ h - s/ _ /o)1
V5o b 2
Ver hclno) — heln)
hr (V) hc hr(V)

n = ng + 0n - redistributed charge due to applied V



Finite voltage: NEGF + DFT 26

At finite applied voltage:

ur=Ep+ev/2  ___ levelalignment hx(V)—=gx(V) = 2x(V)—=>Tx(V); X=LR
eV /2 S / *
Er — —eV)2 T(E,V)="Tr [[*(E, V)G (E,V)I(E,V)G*(E,V)]
- ur = Ep — €V/2 o
> G/ = (B~ he — B Eo)]
VLC \/ ?
% h h
hi (V) he  ha(V) colo] = heln

n = ng + 0n - redistributed charge due to applied V

Therefore a self-consistent calculations is required in principle:

[ G"/* = [(E - heln] - 2/ — £)/")] !

< _ prv< ral
G~ =G"X7 +E3]G ihG<(ta,t) = — <6T(t1)é(t2)>
1
— {cf — -
{ Omn <cmcn> 97 /dEG' m(E)

n(r) = ($1(r > Z¢ (&) qu )P
\ where ) (r qum P)ems PT(r) Z¢




Spin-polarized transport: basic effects

Ferromagnetic electrode Junction Ferromagnetic electrode
AN -«
< <
I S N . I l
v v
IS IR

Parallel magnetic allignment (P):

Spin-polarization, spin filtering (SP):
SP = (G, — G1)/(Gy + Gy)

Antiparallel magnetic allignment (AP): Magnetoresistance (MR):

MR = (Gp — Gap)/Gap

Aisotropic magnetoresistance (AMR):

AN 4 S\ dd -
S - 8 R~ _[ 0 — ‘?

Need for spin-orbit coupling (SOC)

Goal: find systems with enhanced effects



Partial spin filtering in ferromagnetic nanocontacts 28

S
z
FM FM
Down Up FM chain
or Ny ® |3 (o9
d I © 6666 I Py Pz DPaz
2 s channels
S dominate
os X § (X[

dpo_yo dy, dio dps  day

G, =e*/h Z Too(Er) —sumover all orbital channels, s and d

(6

Ni nanocontact

Transmission

[ PRB 73, 075418 (2006) ]

. | . ! . |
0—2 -1 0 1

FE — EF (eV)

SP = (G¢—GT)/(G¢+GT) ~ 33%



Perfect spin filtering by symmetry mismatch

S
z
o (3 |o®
L Yy Py Pz Pz
o 3 Rl
Parallel magnetic allignment: dw2—y2 dyz dy2 dg dwy
FM ) FM
L1 Ny L1
‘1 I NO s channels I $ GT — O’ Gi 7é 0 — SP =100%
E—
S 1
Antiparallel magnetic allignment:
FM " FM
L1 N 1
%l I NO s channels l ( GT =0, G¢ =0 — infinite MR

[ =l ¢
5 3



Example #1: Molecular junction, model electrodes 30

E— EF (eV)

Ni chain

/7 hY
T OO0 "\:}‘*«Ar"\
‘ s

z

Tetrathiophen (4T)

Ni bands
2 | T | T

Ni chain
oW,
<y ©O O
v
4T levels
[T [T 1T 7 T
oy, SRe8aes
_py
| 1 Y A P
4 -3 2 -1 0
E — Ep (eV)
dy2 Dy

Transmission

E— EF (eV)

SP = 100%
infinite MR

[ Nano Lett. 15, 3552 (2015) ]



Example #1: Molecular junction, realistic electrodes

31

Transmission

0.8
0.6
0.4
0.2

| -
[

L

| | | | | I | | ]

-0.75

-0.5

-0.25 0 025
E — EF (eV)

0.5

0.75

1

GT ~ 0004G0
G¢ ~ O7G0

[ PRB 93, 201403 (2016) ]



Tuning spin-filtering by quantum interference

32

Ni benzene Ni
é
OO0 ¢ OO0
¢
X l§l
sT o0 00

/ )
o Q E
O

o i

[Eny
Q

o

q

I
via 1

/s channel

Transmission
! o

Gy = 0.3Go

SP ~ 60%

stretching

—>

Ni benzene Ni
g
OO g OO
s

sT ‘0 042

SN
e

via 1+2+3

destructive
interference

Transmission

SP ~ 100%

E (eV)

GT%()

[ PRB 99, 115403 (2019) ]



Tuning spin-filtering by quantum interference 33

Ni benzene Ni Ni benzene Ni
l ’
T ~
00 § 00 oo § oo
¢ ¢

Wave packets propagation at the Fermi energy:

Molecular levels (1) Molecular levels (1,2,3)



Tuning spin-filtering by quantum interference

34

Weight on Benzene

0.008

0.007

0.006 [

0.005f

0.004 |

0.003f

0.002

0.001f

Ni benzene Ni Ni benzene Ni
¢ d
(SN®) 4 O O © O ; O O
®

Wave packets propagation time across the molecule:

0.008

. 0.007 |
- 0.006 |
. 0.005 |
. 0.004 |
. 0.003f A
. 0.002

. 0.001f

1 1 1 1 ] 0 4 1 1 1 L 1

10 20 30 40 50 60 70 0 10 20 30 40 50 60

Time (fs) Time (fs)
A = 10 fs

70



Tuning spin-filtering by quantum interference 35

Molecular junction

Ag

Propagation paths:

o vanadocene éﬁ\ Exp: G = 1Go S -
(Oren Tal’s group, Israel) % %
/ \( -
> /Y\v ‘ xf\ l g —§—% Y
N e e I
5 4 M One fully polarized channel a4 w(
1 B T I ! | T | T ] 1 B T | ! T | T ]
g Mav ' w
o L | - - : -
EX ; 0 :
“ ' N
< L i |
E‘H | ! \
A SPRB2% i L - SP~ 0 ; )
] | ] ] I 1 — - | | | | ;
-2 -1 0 1 2 -2 -1 0 1 2
E — Er (eV) ¥
1 B T I T ! ! | T |
yk ! total
0 A S

[ Mature Comm. 10, 5565 (2019) ]



Tuning spin-filtering by quantum interference

36

—» vanadocene

el

e

s B

z Ag Ag
Wave packets at the Fermi energy:

A

d RETAN
(s T=~0
—| S,

el I hv4

v | T ~ 0.9

— —
Carbon atoms Vanadium



Spin-transfer torque (STT) by spin-polarized current 37

R Spin-transfer torque
4\53 =0

L
T I [T W 55 = 55



No effect expected for non-polarized current

38

ds/h

No spin-transfer torque

v /4>
T I [T s I 55 =0
s=0
e A
¥
No spin-orbit coupling
0 e
-0.001
-0.002
-0.003 -
-0.004 |
-0.005 : ! :
0 5 10 15 20

Time steps



Spin-orbit torque (SOT) driven by spin-orbit interactions

39

ds/h

-0.001|
-0.002
-0.003
-0.004 -

-0.005
0

No spin-orbit coupling

5 10 15
Time steps

20

ds/h

Nice paper on the subject by M. Camarasa-Gomez,

D. Hernangdbmez-Pérez, F. Evers

[J. Phys. Chem. Lett. 15, 5747 (2024)]

Spin-orbit torque
. )
W 55 #0

With spin-orbit coupling

0 e ——+ —
08y
\
-0.001
-0.002 \
\
\ ) sy
-0.003 e
-0.004 +
0s,
-0.005 ' ' '
0 5 10 15

Time steps

20



40

Wave packet propagation in 2D materials

Graphene + 2N pair

400 500 600

300

(]
[ ]
(]
L]
L]
—
—
[ ]
(]
=
L]
L]
&
| | | | | | | | | m
@
-] L] L] L] L] L] L] L] L] L] 2
[ LM [ (T'g] ] LM [ ] Ly [ ] Ly
(Tp] =t =T [ap] (o] (] [t = —
c
=) =
= o
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ANNEXE



Different pictures

. perturbation 0 h

Mean value of any observable O(current too), t = 0 reference time :

O(t) = <\I!5(t) |OA‘ ‘I’S(t)> ; Us(t) = e%iﬂtllfs(()); O is time independent — Schrédinger picture

O(t) = <qu

Oy (t)‘ \I!H> . U4, is time independent; Oy (t) = erHtOe—wHL_ Heisenberg picture

O(t) = <‘1’I(t) ‘01(75)‘ \111(75)> > Uy(t) = e%ﬁt\llg(t); O;(t) = erhtOe=#M  _Interaction picture

At reference time t = O states are the same in all pictures: Wg(0) = Uy = ¥;(0) =¥

Time evolution of the state:




NEGF Contour

Assuming adiabatic switching on the perturbation:

A

W) = 5(0, —c0) [¥o) Keldysh contour C =C +C_ :

O(t) = (W |§(~0,0) - 5(0,)01(1)8(t,0) - $(0,—00) |wo) _ Yo ¥ L

O(t) = <\Ifo ‘TC {SCO[(t)}‘ \Ifo> ; So =To {exp ( % /C5hI(T)dT> }

Contour Green functions: , N R
Zthn(T%Tl) — <\Ij ‘TC {Cm,/H(T2)CL,’H(T1)}) \Ij>

MG (72.71) = (W0 | Te { Scmi(r)el, () | o)

Dyson equantion for contour GFs:

G(1',1) = g(1',1) +/

C

G(1',1) = g(1',1) —I—/

C

dng(ll,Z)V(Q)G(Q,l)—I—/CdTg/Ccng g(1',2)%;,:(2,3)G(3,1)

dTQG(1/,2>V(2)g(2,1)—I-/CVJ’CZTQ/CCZTg G(].,,Q)Zint(Q,?))g(?),l)




Green functions in the time domain

Produces four Green functions in the time domain:

( G++(t2,t1) T2, T1 € C_|_

B G__(tg,tl) To,T1 € C_
Glr2,m1) = § G<(tas,t1) T €Ci,m €C_
L G>(t2,t1) To 60_,7'1 EC_|_

G'=G""-G%;, G'=G -G~

hGS (tg,t1) = — <\I! éj%H(tl)ém,H(tg)| \If>

b (1)} 5y (01)| )

[ém,H(tQ)éL,’H(tl)} +' ‘1’>

‘)

iHG2, (ta,t1) = <\11

ihGT (ta,t1) = Oty — t1) <\11

[ém,H(tz)@L,H(tl)}

iRGE (ta,t1) = —0(t1 — t2) <\I!
- -

GTT4+G =G +G~; GT-G*=G" -G~



Dyson equation in the time and frequency

Once again Dyson equantion for contour GFs :

G(1',1) = g(1',1) +/

dng(l’,2)V(2)G(2,1)+/ dTQ/ drs g(1',2)%::(2,3)G(3,1)
& C C

G(1',1) = g(1',1) +/

drG(1',2)V(2)g(2, 1)—|—/ dTQ/ drs G(1',2)X:4(2,3)9(3,1)
C C C

Using real time GFs, going to time integrals and performing Fourrier transform:

G"(E) = g (E) + ¢ (E)VG(E) + ¢"*(E)S"/“(B)G"/*(E)

G</7(B) = g~/7 (B) + g~/7 (E)VG(E) + g (BE)V G/~ (E)
+9~/7 (BE)S*(E)G*(E) + g"(BE)S</7 (E)G(E) + g' (E)T"(E)G</~ (E)



Electric current within NEGF

I (t) :_€d<N1;,Z-L(t)> _ 7;: <[H NL’H( )]> NL zzk:c;ck :ZC‘];Cj

Iy = % > <anC}L'(t)Cn(t) - ancl(t)cj(t)> =7 /dE (G5L(E)Vie — VerGro(B))

jeLnelC

e
Iy, = h /dETr[(GéCVCLQ%L +GooVorgr)Vie — Ve VieGe + 910V Goo)]

€ T a T a
=7 /dETr[( co— Gee)VeorgrVie — Vor(9rrn — 911)VieGoel

/ dE Tr[Vor 971 Vie(Goe — Gée) — Ver(9ir — 90)VieGac]

_e
h
€
h

/ dE Tr[S5G 20 — X7 G Slide 7




Derivation of the Keldysh formula

Equation on Page 7: Géé> = Gee [EE/> + E§/> + Z;?]G%C
Dyson:
G< — g< —|—g<VGa +gTVG< _|_g<ZaGa _|_grE<Ga +gr2rG<
g
[1 _ gr(v i ZT)] G< — g< [1 + (V—|— ZG)GG} —|—g7"2<Ga
g
-1 —1
G< — [1 o grv o grzr] g< [1 + VGa e EaGa} e [1 . grv - grzr} grz<Ga
1 1“

~1
G=q¢g"+¢d VG +¢X"G" —» G = (1 —q'V - gTZT) g’

Dyson: 2

—1
G'=¢g"+G Vg +GS¢ — » G = (1 LGV + GTZT> g
3

1-2-3 1.2

—

— — R
G< = [1 LGV GTZT} < [1 L VG zaGa} +GTE<Ge

valid in the whole region (L+C+R)




Derivation of the Keldysh formula (Central region)

G< = [1 LGV A GTZT] g< [1 L VG + zaaa] +GTEEGe

Taking CC block: X=LR,..
Céc =95+ ZgéVCXGC)L(c +9556cGEc+ 1-1,2,3
,,,,,,,,,,,,,,,,, X o
+> GoxVxegs + ) GocVexgxVxeGéo + Y GoxVxicgsVexGikot+ 21,22
X X XX/
+)  GoxVxegsLteGbo+ 2-3
X
+ GoeXeeds + Z GooXtcgcVexGse + GoeXecdc BecGeo+ 5-1,2.3
X

+ GoeXEcGee

a ,a a a r r T r 1 1,2,3
Céc =95 <1 + Z 2xGoo + ZCCGCC) + (Z GooXx + Gcczcc)gé+ 2-1.3-1
X X

+ ch(Z X%+ Zéc) co 2-2




Derivation of the Keldysh formula (Central region)

C’éC:gé(lnLZZ%( oo+ Xée ) <ZG czrx+G60260>95+
X
(ZET’+ZCC)QC(ZZTX+E%’C)
X

Geo ( Z X%+ Zéc)
X
Z

Goo = (1 + chigc)gé (1 + iaCCGaCC) + GE‘Cié’CG%C

with Zr/a/< er/a/< +Zr/a/<

Often first term is disregarded (?):

< _ r < a
GCC’_GCCZCC’ ccC
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