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H. Adachi, S. Fujiyama, M. Tsubota, 
Phys. Rev. B81, 104511(2010) .

Main messages of my talk (1) �

Homogeneous QT� Inhomogeneous QT�

S. Yui, M. Tsubota, Phys. Rev. B91, 
184504(2015).

We revealed inhomogeneous QT in a square channel.  �



Main message of my talk (2) �
We study boundary layer of QT and found the well-known log-law. �
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Averaged velocity of 
superfluid turbulence�

S. Yui, K. Fujimoto, M. Tsubota, 
arXiv:1508.01347 �

The log-law �

Averaged velocity of 
turbulence�



QT has been long studied chiefly in thermal 
counterflow.

Vortex tangle

Heater        
  

Normal flow       Superflow       

1. Introduction �



1980s�K. W.  Schwarz� Phys. Rev. B38, 2398 (1988) 
Performed a direct numerical simulation of the three-dimensional 
dynamics of quantized vortices and succeeded in quantitatively 
explaining the observed temperature difference ΔT . 

Vortex tangle

Heater        
  

Normal flow       Superflow       



Vortex filament model (VFM)

A vortex makes the superflow of the Biot-Savart law, and moves with 
this local flow. At a finite temperature, the mutual friction should be 
considered.
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2. Previous simulation for the homogeneous normal fluid flow



Simulation for the homogeneous normal fluid flow

K. W. Schwarz, Phys. Rev. B38, 2398 
(1988).�������������                                       �
-Obtained a statistically steady state by the 
vortex filament model (VFM) under the 
localized induction approximation (LIA).  

vs            vn

Simulation under LIA � Periodic boundary conditions for 
all three directions 



Schwarz’s simulation(1) PRB38, 2398(1988)

Schwarz simulated the 
counterflow turbulence by the 
vortex filament model and 
obtained the statistically 
steady state.  
However, this simulation had 
nontrivival serious problems. 

1. Vortex reconnections were 
modeled artificially.  



Reconnection of quantized vortices (1) �

(a) (b)

In the field of classical fluid dynamics,  
vortex reconnections are believed to occur 
by the viscous diffusion of vorticity.�

Can quantized vortices reconnect? The vortex filament 
model (VFM) cannot answer the question. �

The simulation of the Gross-Pitaevskii model shows 
reconnection.               J. Koplik and H. Levin, PRL71, 1375 (1993) �

(a) (b) (c)



Reconnection of quantized vortices (2) �

(a) (b)

Reconnections in VFM are modeled with an 
algorithmical procedure. �However, this 
procedure is more or less arbitrary. �

Schwarz reported that the statistically steady state is 
independent of the detail of the procedure.

  K. W. Schwarz, PRB38, 2398 (1988)�



Schwarz’s simulation(2) PRB38, 2398(1988)

2. All calculation was performed 
by the LIA. 

à   He used an artificial mixing 
procedure in order to obtain 
the steady state. 

However, this simulation had 
nontrivial serious problems. 



Simulation by the full Biot-Savart law

BOX  (0.1cm)3 

Vns = 0.367cm/s 

T = 1.6 K 

Periodic boundary conditions for 
all three directions 

イメージ
を表示で
きませ

イメー
ジを表
示でき

H. Adachi, S. Fujiyama, M. Tsubota, 
Phys. Rev. B81, 104511(2010) .

The statistically steady states 
were obtained without the 
artificial mixing procedure.
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Comparison between LIA and full Biot-Savart 
Full Biot-Savart                           ����� LIA

Vortices become anisotropic, 
forming layer structures.

We need intervortex interaction.

T = 1.6 K 
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Comparison between the LIA and full BS calculation 
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The LIA calculation is quite different from the full Biot-Savart one. 

The LIA is not good. 

Isotropic 
tangle



Quantitative comparison with observations

The parameter γ agrees with the experimental observation quantitatively.  

Childers and Tough, Phys. Rev. B13, 
1040 (1976)  

γ（s/cm2)

Our calculation
γ（s/cm2）

Experiment
�

1.3 K 54 59
1.6 K 109 93
1.9 K 140 133
2.1 K 157 (154)

An important criterion of the steady state is to obtain 
L: Vortex density, vns:relative velocity in counterflow

€ 

L1/ 2 = γvns



3. Recent visualization experiments�(2006-) �
Visualizing quantized vortices and the profile 
of the normal fluid flow �

Tallahassee, Maryland, Prague�

Tracer particles
•  Hydrogen particles                             m 
•  Metastable He2

* molecules               nm
µ



Visualization using metastable He2
* molecules reveals the 

profile of the normal fluid flow. 
W. Guo, S. B. Cahn, J. A. Nikkel, W. F. Vinen, D. N. McKinsey, Phys. Rev.Lett. 105, 
045301(2010) 

Metastable He2
* molecules 

• Excited by laser light. The lifetime is 13s.     ・The size is 1nm.

• They are not trapped by vortices above 1K, following the normal flow.

€ 

vn€ 

vs When the heat flux is large, 
He2* molecules obey 
turbulent diffusion.

--> The normal fluid is 
turbulent.

1.95K Square channel



Marakov et al. observed  a novel 
profile of the normal fluid�flow, 
namely the tail-flattened flow.�

A. Marakov, J. Gao, W. Guo, S. W. Van 
Sciver, G. G. Ihas, D. N. McKinsey, W. F. 
Vinen, Phys. Rev. B 91, 094503(2015). �

1�

2�

3� 4�

5� 6�

1   No heat flux à No flow
2   Poiseuille flow
3, 4  Tail-flattened flow
5, 6  Turbulence�

Such tail-flattened flow 
has never been observed 
even in a classical fluid. �



Marakov et al. observed  a novel 
profile of the normal fluid�flow, 
namely the tail-flattened flow.�

1�

2�

3� 4�

5� 6�

Importance of this work
1.  Effect of the normal fluid
2.  Inhomogeneous 

turbulence affected by the 
channel walls �



4. The new simulation for the inhomogeneous 
normal fluid flow 
4-1. Counterflow quantum turbulence of He-II in a 
square channel: Numerical analysis with nonuniform 
flows of the normal fluid 
S. Yui and M. Tsubota, Phys. Rev. B91, 184504 (2015): 
arXiv: 1502.06683

4-2. Logarithmic velocity profile (the log-law) of  
quantum turbulence of superfluid 4He 
S. Yui, K.�Fujimoto and M. Tsubota, arXiv:1508.01347



What is lacking in the previous simulations?���
Most previous numerical works suppose

•  Periodic boundary for all three directions

•  Prescribing the homogeneous profile of the normal fluid 

In order to understand these 
phenomena, we should suppose solid 
boundary condition in a channel and 
couple the superfluid and the normal 
fluid properly. 



Difference between solid- and periodic boundary conditions

Periodic Solid boundary

A vortex ring that comes 
out of the right enters the 
system from the left�again.

A vortex ring moving to the right 
reconnects with the solid wall.

--> Solid walls can work as an 
absorber for vortices.



Full formulation of the two-fluid model
D. Kivotides, PRB76, 054503(2007)

Superfluid --> VFM

Normal fluid -->  Navier-Stokes equation

�
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€ 

∂vn

∂ t
+ vn ⋅ ∇( )vn = −

1
ρ
∇p+ ν∇2vn −

ν*

ζ 3 dξ * s × vn − ˙ s ( )
L∩Vζ

∫

+
ν**

ζ 3 dξ * s × [ * s × vn − ˙ s ( )]
L∩Vζ

∫

VFM Normal fluid
Both ways



Full formulation of the two-fluid model
D. Kivotides, PRB76, 054503(2007)

Superfluid --> VFM

Normal fluid -->  Navier-Stokes equation

�

イメージを表示できません。メモリ不足のためにイメージを開くことができないか、イメージが破損している可能性があります。コンピューターを再起動して再度ファイルを開いてください。それでも赤い x が表示される場合は、イメージを削除して挿入してください。
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∂vn

∂ t
+ vn ⋅ ∇( )vn = −

1
ρ
∇p+ ν∇2vn −

ν*

ζ 3 dξ * s × vn − ˙ s ( )
L∩Vζ

∫

+
ν**

ζ 3 dξ * s × [ * s × vn − ˙ s ( )]
L∩Vζ

∫

VFM Normal fluid
Almost all simulations are “one way”.
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•  Square cross section 1mm ×1mm

•  Computational volume is 1mm ×1mm × 1mm

•  Periodic B. C. along the x-axis, and solid smooth B. C. for 
other walls.

•  T= 1.3K, 1.6K and 1.9K          Full Biot-Savart calculation

4-1. Counterflow quantum turbulence of He-II in a square channel: Numerical 
analysiswith nonuniform flows of the normal fluid S. Yui and M. Tsubota, 

Phys. Rev. B91, 184504 (2015)�
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 (1) Poiseuille flow in a rectangular channel 

For the cross section (                               )
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−a < y < a, − b < z < b
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∞
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The Handbook of Fluid Dynamics, edited by R. W. Johnson (CRC, Boca Raton,1998) �



The case of uniform normal flow
In a laboratory frame

€ 

vs = −
ρn
ρs
vn

€ 

vn

€ 

vs

Low T

€ 

vn

€ 

vs

High T Indep. of T 

Inhomogeneous normal flow causes an interesting effect.
⇢svs + ⇢nvn = 0 à �

vns = vn � vs / W
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When the normal flow is Poiseuille-like,           depends on temperature.

€ 

vns

�

More uniform 
at higher T 

vs,a = �⇢n
⇢s

vn, vn =

R
vndSR
dS

Z
(⇢svs,a + ⇢nvn)dS = 0

vns(r) = vn(r)� vs,a



 Vortex tangle�in a square channel

29 

1.  Vortices expand from the center toward the walls, trapped by the 
walls. 

2.  Vortices are denser near the walls than the center. 
3.   At higher temperatures, the strong mutual friction grows the vortices   
      fast and dense. 

T=1.3K T=1.9K 1.4cm/s 



 渦糸長密度：時間変化�

30 

Statistically steady states are obtained despite large fluctuation.

Vortex line density



 Local vortex line density

31 
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(2) Tail-flattened flow in a rectangular channel 

 How to make the flow profile?�

Combining the Poisuille flow         and the flat flow �vn
p r( ) vn

p 0( )
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Increasing h makes the flow profile more uniform. �



Time development of the line length density L for different 
values of h                          T=1.9K, vns=0.5 cm/s
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The behavior of L is saturated for h >0.8, almost equivalent 
to the case of the uniform normal fluid flow. �

All the following calculations are performed for h=0.7.�



Tail-flattened flow with h=0.7
 T=1.9K, vns=0.5cm/s �
�

Poiseuille flow
 T=1.9K, vns=0.7cm/s �
�

Vortex tangle is more homogeneous in tail-flattened flow 
than in Poiseuille flow.�



Distribution of the line length density L(y, z) for the tail-flattened flow
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What causes the tail-flattened flow? �
Vortex tangle made under the 
Poiseuille flow
 �

If we turn on the mutual friction from vortices to 
normal fluid, the Poiseuille profile may be changed. �

vns



How dose the superfluid component mimic the normal 
fluid component through the mutual friction? �

v_{s,a} : 超流動印可速度

対向流速が大きくなると、
中心部の減速が大きくな
る。

SuperNormal

z=0mmの分布

超流動は中心が減速する。相互摩擦力を下げ
るため。

This interest appears in many contexts of superfluid 
hydrodynamics.
Cf. W. F. Vinen, Phys. Rev. B61, 1410 (2000)
      S. R. Stalp, L. Skrbek, R.J. Donnelly, Phys. Rev. Lett. 82, 4831 (1999)
      W. F. Vinen, W. Guo, in this workshop�

We investigated this issue in our situation. �



Superfluid velocity field                 created by the vortex tangle �v_{s,a} : 超流動印可速度

対向流速が大きくなると、
中心部の減速が大きくな
る。

SuperNormal

z=0mmの分布

超流動は中心が減速する。相互摩擦力を下げ
るため。

v_{s,a} : 超流動印可速度

対向流速が大きくなると、
中心部の減速が大きくな
る。

SuperNormal

z=0mmの分布

超流動は中心が減速する。相互摩擦力を下げ
るため。

v_{s,a} : 超流動印可速度

対向流速が大きくなると、
中心部の減速が大きくな
る。

SuperNormal

z=0mmの分布

超流動は中心が減速する。相互摩擦力を下げ
るため。

v_{s,a} : 超流動印可速度

対向流速が大きくなると、
中心部の減速が大きくな
る。

SuperNormal

z=0mmの分布

超流動は中心が減速する。相互摩擦力を下げ
るため。

Superfluid velocity by the tangle 
is along vn, depressing vs,a. �

vs,!(y, z)

vs(y, z) = vs,a + vs,!(y, z)

vs,!(y, z)/vs,a vs,!(y, z = 0)/vs,a



Superfluid velocity �
v_{s,a} : 超流動印可速度

対向流速が大きくなると、
中心部の減速が大きくな
る。

SuperNormal

z=0mmの分布

超流動は中心が減速する。相互摩擦力を下げ
るため。

v
s

= v
s,a

+ v
s,vortex

Applied velocity �vs,a

Velocity made by the vortex tangle �

v
s,vortex

=


4⇡

Z

L

(s1 � r)⇥ ds1
|s1 � r|3

+�
vsvn



Superfluid velocity field                 created by the vortex tangle �v_{s,a} : 超流動印可速度

対向流速が大きくなると、
中心部の減速が大きくな
る。

SuperNormal

z=0mmの分布

超流動は中心が減速する。相互摩擦力を下げ
るため。

v_{s,a} : 超流動印可速度

対向流速が大きくなると、
中心部の減速が大きくな
る。

SuperNormal

z=0mmの分布

超流動は中心が減速する。相互摩擦力を下げ
るため。

v_{s,a} : 超流動印可速度

対向流速が大きくなると、
中心部の減速が大きくな
る。

SuperNormal

z=0mmの分布

超流動は中心が減速する。相互摩擦力を下げ
るため。

v_{s,a} : 超流動印可速度

対向流速が大きくなると、
中心部の減速が大きくな
る。

SuperNormal

z=0mmの分布

超流動は中心が減速する。相互摩擦力を下げ
るため。

Superfluid velocity by the tangle 
is along vn, depressing vs,a. �

vs,!(y, z)

vs(y, z) = vs,a + vs,!(y, z)

vs,!(y, z)/vs,a vs,!(y, z = 0)/vs,a



4-2. Logarithmic velocity profile of  quantum turbulence 
of superfluid 4He 
S. Yui, K.�Fujimoto and M. Tsubota, arXiv:1508.01347

Two well-known statistical laws in classical turbulence �

Energy-
containing 
range

Inertial 
range

Energy-dissipative 
range

Energy spectrum of turbulence 

Kolmogorov -5/3 law in the�bulk � Log- law near walls �

CK✏2/3k�5/3

Log-law �



Energy-
containig 
range

Inertial 
range

Energy-dissipative 
range

Kolmogorov -5/3 
law in the�bulk �

Log- law 
near walls �

of the initial configuration, so the change of the dissipa-
tion rate becomes slow free from the artifact of the early
large dissipation.

Next we compare quantitatively the energy spectrum at
70 sec with the Kolmogorov law E!k" # C!2=3k$5=3. The
Kolmogorov constant C is known as the parameter of
order unity. Here we use C # 1 and ! # 1:287%
10$6 cm2= sec3. Then we can determine uniquely the
energy spectrum. Figure 4 shows the comparison between
the energy spectrum at t # 70 sec and the Kolmogorov
law with C # 1 and ! # 1:287% 10$6 cm2= sec3. The
energy spectrum for k < 2"=l is consistent with the
Kolmogorov law not only on the wave number depen-
dence but also on the absolute value. The dissipative
mechanism due to the cutoff works only at the largest
wave number k& 2"=!# # 343 cm$1. However, the en-
ergy spectrum at the small k region is determined by that
dissipation rate. This result supports just the picture of the
inertial range. Although our spectrum has a k$1 region
between the Kolmogorov region and the dissipative wave

number, the energy flux exists also in this region. The
spectrum in this region includes the contribution coming
from each vortex line and that of the energy flux, while
the former is dominant [14]. The cascade process in this
region will be discussed elsewhere.

The Kolmogorov law is the scaling property in k space
and is closely related with the self-similarity of the
turbulent velocity field in the real space. We devote the
rest of this Letter to the following question: is this scaling
property in k space related to the self-similarity of the
vortex tangle in real space or not? However, in conven-
tional turbulence it is very difficult to discuss this prob-
lem, because the viscous diffusion of vorticity makes the
vortex configuration obscure. On the contrary, the char-
acters of the superfluid turbulence are the definiteness of
the vortex line due to the absence of the viscosity and the
fixed circulation by the quantum effect. These characters
allow us to describe the system by the topological con-
figuration of a vortex tangle. Hence, in order to discuss
the self-similarity in a real space, it is meaningful to
investigate a vortex length distribution (VLD) n!x",
where n!x"!x represents the number of the vortices whose
length is from x to x' !x.

In order to suppress the fluctuation of the VLD, we use
the time averaging procedure in the interval 4.0 sec.
Figure 5 shows the averaged VLD at each time, where
the largest scale in the x axis is the size of the cube and
the smallest scale is the length of the numerical space
resolution. At large scale the VLD is strongly affected by
the effect of the boundary, and at small scale it decreases
rapidly by the effect of the cutoff procedure. As the
vortices approach the homogeneous and isotropic tangle,
in the intermediate range the VLD comes to obey a scal-
ing property n!x" / x$. Using the least squares fits, we
determine this scaling exponent $ at t # 60:0 sec in

FIG. 4. Comparison of the energy spectrum (solid line) at t #
70 sec with the Kolmogorov law E!k" # C!2=3k$5=3 (dotted
line) with C # 1 and ! # 1:287% 10$6 cm2= sec3.

FIG. 5. The VLD n!x"!x at t # 0 sec (dashed line), t #
20:0 sec (long-dashed line), t # 40:0 sec (dot-dashed line),
and t # 60:0 sec (solid line) for !x # 0:05. The dashed line is
determined by the least squares fits at t # 60:0 sec.

FIG. 3. The energy dissipation rate ! which was calculated
from the dynamics of Fig. 1.
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Classical turbulence �����vs ������� Quantum turbulence �

CK✏2/3k�5/3

T. Araki, M. Tsubota and S. K. Nemirovskii, 
PRL89, 145301(2002) �
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Turbulent boundary layer in a classical fluid �

Channel walls	

eUU =

Boundary 
layer	U = 0



How to derive the log-law (1) �

•  Viscosity is not available except near the walls..

•  Constant momentum flux      (Reynolds stress) 

flows from the bulk to the walls.��

•  �   dissipates by the viscosity near the walls. �

Averaged velocity��u
x

= u(y), u
y

= u
z

= 0

�

�

�������is determined by the fluid density����, momentum flux     , distance y.  
�

du/dy ⇢ �

Dimension � [du/dy] = 1/T, [⇢] = M/L3, [�] = M/(L · T 2), [y] = L

du

dy
=

p
�/⇢

by
, b = 0.417 ：Karman constant �

y�

x�
y�

cf. Landau-Lifshitz: Fluid Mechanics �

Turbulent 
boundary layer�

�

�
u
x

= u(y)



du

dy
=

p
�/⇢

by
, b = 0.417

v⇤ =
p
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FIG. 2. Snapshots of the vortex tangles in the statistically
steady states. The left (right) column shows the streamwise
(side) views of the tangles.

meaning of v∗q, but we have not constructed a theory of
the log-law in QT giving v∗q.

TABLE I. Numerical results of superfluid velocity v0 at the
center of the channel, ratio v∗q/κq, and parameter c under
pure normal flow.

T v0 v∗q/κq c

(K) (s/cm) (s/cm) –

1.9 0.184 0.141 1.46

1.6 0.079 0.070 1.40

1.3 0.025 0.028 1.14

Verifying exactly whether the log-law appears may be
difficult. In fact, researchers of classical turbulence have
made many discussions of the log-law; for example, some
researchers argue that the mean velocity obeys a power-
law [23, 24]. To analyze the log-law more intensively, we
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superfluid velocity vs as a function of the distance y/D from
the wall. The channel wall corresponds to y/D = 0, whereas
the center of the channel corresponds to y/D = 1. The log-
law vys = v∗q [log(y/D) + c] /κq is observed. The solid line is
fitting line for T = 1.9 K. (b) Another form Γκq/v

∗
q = 1 of

the log-law in Eq. (7) is checked. We use the values of v∗q/κq

in Table I.

check for another form of the log-law:

y
dvxs
dy

=
v∗q
κq

, (7)

which is obtained by differentiating Eq. (6) with respect
to y. Figure 3(b) plots Γκq/v∗q as a function of y/D,
where Γ ≡ y(dvxs /dy) is the left-hand side of Eq. (7). The
y-independent regions correspond to the log-law region
and can be observed in the case of T = 1.9 K and 1.6 K.
The log-law regions are around 0.2 < y/D < 0.6. The
log-law region is not wide; therefore, we plan to perform
another simulation in the future to expand the log-law
region. As for T = 1.3 K, the y-independent region is
too narrow to definitively find the log-law. Considering
the superfluid velocity and the vortex configuration, we
can classify the whole volume into three regions, namely
the log-law region RL, the high curvature vortex region
RS near the wall, and the low vortex line density region
RC in the center of the channel, as shown in Fig. 2.

The configuration and dynamics of the vortex tangle
are important for understanding the log-law in QT be-
cause the superfluid velocity is determined only by the
quantized vortices. In the following, we report on our
investigation of the configuration and dynamics of the
vortex tangle characteristic of the log-law. We define the
coarse-grained value of a physical quantity Q(ξ) as

[Q]CG (r) ≡ 1

ω(r)l(r)

∫

L′(r)
Q(ξ)dξ, (8)

where ω(r) is the local subvolume at r, L′(r) repre-
sents the vortex line within ω(r), and l(r) is the lo-
cal vortex line density at r. We divide the compu-
tational box into the subvolumes by using a uniform
32×32×32 Cartesian mesh. The separation of the mesh
is ∆x = 1/32 mm = 3.125× 10−3 cm; the mesh satisfies
∆x > ∆ξ. In the following, to focus on the statistical

The dilute vortices at 
low temperature do not 
satisfy the log-law 
properly. �
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meaning of v∗q, but we have not constructed a theory of
the log-law in QT giving v∗q.

TABLE I. Numerical results of superfluid velocity v0 at the
center of the channel, ratio v∗q/κq, and parameter c under
pure normal flow.
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1.6 0.079 0.070 1.40

1.3 0.025 0.028 1.14

Verifying exactly whether the log-law appears may be
difficult. In fact, researchers of classical turbulence have
made many discussions of the log-law; for example, some
researchers argue that the mean velocity obeys a power-
law [23, 24]. To analyze the log-law more intensively, we
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to y. Figure 3(b) plots Γκq/v∗q as a function of y/D,
where Γ ≡ y(dvxs /dy) is the left-hand side of Eq. (7). The
y-independent regions correspond to the log-law region
and can be observed in the case of T = 1.9 K and 1.6 K.
The log-law regions are around 0.2 < y/D < 0.6. The
log-law region is not wide; therefore, we plan to perform
another simulation in the future to expand the log-law
region. As for T = 1.3 K, the y-independent region is
too narrow to definitively find the log-law. Considering
the superfluid velocity and the vortex configuration, we
can classify the whole volume into three regions, namely
the log-law region RL, the high curvature vortex region
RS near the wall, and the low vortex line density region
RC in the center of the channel, as shown in Fig. 2.

The configuration and dynamics of the vortex tangle
are important for understanding the log-law in QT be-
cause the superfluid velocity is determined only by the
quantized vortices. In the following, we report on our
investigation of the configuration and dynamics of the
vortex tangle characteristic of the log-law. We define the
coarse-grained value of a physical quantity Q(ξ) as

[Q]CG (r) ≡ 1

ω(r)l(r)
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Q(ξ)dξ, (8)

where ω(r) is the local subvolume at r, L′(r) repre-
sents the vortex line within ω(r), and l(r) is the lo-
cal vortex line density at r. We divide the compu-
tational box into the subvolumes by using a uniform
32×32×32 Cartesian mesh. The separation of the mesh
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cause the superfluid velocity is determined only by the
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cal vortex line density at r. We divide the compu-
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Summary �

1.  We review the simulation of VFM  in mogeneous 
counterflow. 

2.  The recent visualization experiments open the door of the 
new era.

3.  We discussed the two topics in inhomogeneous case.
 3-1. Inhomogeneous turbulence in a square channel

 3-2. Log-law in turbulent boundary layer
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