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Vortex	  tangle	  described	  by	  	  
Biot-‐Savart	  equa(on	  

Superfluid	  Turbulence	  at	  T=0	  

Circula(on	  quantum	  k  =	  h/m.	  
Rota(ng	  turbulence:	  Hänninen	  et	  al	  (2007)	  
Numerical	  method	  of	  	  Schwarz	  (1985)	  
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Forma(on	  and	  decay	  of	  vortex	  tangle	  in	  GP	  model	  (Proment	  et	  al,	  2015)	  

Superfluid	  turbulence	  

Gross-‐Pitaevskii	  Equa(on	  
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Richardson	  cascade	  

Kolmogorov	  spectrum	  
E(k)	  =C	  ɛ2/3	  k-‐5/3	  

Classical	  turbulence	  at	  scales	  >  	  

• Same	  picture	  for	  ST	  at	  scales	  
larger	  than	  inter-‐vortex	  

separa(on	   ?	  
• There	  is	  no	  viscosity	  in	  ST.	  
What	  happens	  when	  cascade	  

reaches	  scale	   ? 	  
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Numerics	  of	  GP:	  Koplik	  &	  Levine	  (1993).	  
Analy(cs	  of	  GP:	  SN	  &	  West	  (2003).	  

Helium	  experiment:	  Lathrope	  et	  al	  (2008).	  

At	  scale	   :	  reconnec(ons.	  
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• Waves	  on	  vortex	  lines	  

• Nonlinear	  wave-‐wave	  
interac(ons	  transfer	  
energy	  to	  smaller	  scales	  
<	  .!

Below	  	  :	  Kelvin	  Waves	  

GPE	  simula(on,	  Proment	  et	  al	  (2010)	  
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Hamiltonian	  descrip(on	  of	  weakly	  nonlinear	  	  KW’s:	  Kozik	  &	  Svistunov	  (2004);	  
Correct	  expression	  for	  W:	  Laurie,	  Lvov,	  SN,	  Rudenko	  (2009)	  

Kelvin	  Wave	  Turbulence	  

̶	  	  Biot-‐Savart	  

k-space 
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Wave	  Turbulence	  approach:	  Peierls	  (1929),	  Litvak	  (1959),	  Zakharov	  (1965)	  …	  

StaFsFcal	  descripFon	  of	  KW	  turbulence	  

Wave	  spectrum:	  

̶	  Kine(c	  Equa(on	  for	  interac(ng	  KW	  sextets:	  Kozik	  &	  Svistunov	  (2004)	  	  
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Kolmogorov-‐Zakharov	  spectrum;	  Zakharov	  (1965).	  

For	  KW’s	  	̶  	  	  Kozik-‐Svistunov	  spectrum	  (2004):	  

Wave	  energy	  cascade	  

Phonon	  radia/on	  Reconnec/ons	  
&	  crossover	  
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• Effec(ve	  viscosity	  measured	  by	  turbulence	  decay	  rate.	  Stalp	  et	  al	  
(2000).	  

• 	  Assume	  that	  K41	  extends	  down	  to	  .	  Vicinity	  of	  	  contains	  most	  
vor(city	  (hence	  vortex	  line	  density).	  

• Turbulence	  decays	  like	  classical	  with	  effec(ve	  viscosity:	  

Matching	  the	  classical	  and	  quantum	  
ranges	  
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• Kolmogorov	  and	  KW	  spectrum	  cannot	  
be	  joined	  con(nuously	  at	  1/	  .	  
• Wave	  turbulence	  is	  less	  efficient	  than	  
strong	  hydro	  turbulence	  and	  cannot	  
cope	  with	  Kolmogorov	  cascade	  →	  
boMleneck.	  Lvov	  et	  al	  (2007).	  

• “Warm	  cascade”	  solu(on.	  Connaughton	  
&	  SN	  (2004):	  

BoIleneck	  crossover	  at	  	  

Reduced	  effec(ve	  viscosity	  
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EffecFve	  viscosity	  in	  experiment	  
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KZ	  spectra	  only	  valid	  if	  local	  (i.e.	  
RHS	  integral	  in	  KE	  converges).	  
KS	  spectrum	  is	  nonlocal:	  Laurie,	  
Lvov,	  SN	  &	  Rudenko	  (2009).	  
Two	  k’s	  in	  sextet	  is	  <<	  other	  four	  
k’s	  .	  
→	  Effec(ve	  4-‐wave	  interac(on	  on	  
vortex	  line	  with	  large-‐scale	  
(random)	  curvature:	  	  

Nonlocality	  of	  KS.	  New	  4-‐wave	  theory	  
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Local	  spectrum	  of	  the	  4-‐wave	  theory.	  Lvov	  &	  Nazarenko	  (2009):	  

New	  Spectrum	  of	  weak	  KW	  turbulence	  

InteracFng	  wave	  
quartets	  on	  a	  
randomly	  curved	  
vortex	  line	  

Formally,	  the	  same	  as	  K41	  scaling.	  



Bio-‐Savart	  simula(ons	  of	  KW	  
turbulence	  

A.	  Baggaley	  and	  J.	  Laurie,	  2012	  



CorrecFons	  and	  extensions	  of	  the	  boMleneck	  descripFon	  

•  Nonlocality	  of	  KW	  does	  not	  change	  the	  boIleneck	  predic(on	  

•  KW	  and	  HD	  mo(ons	  coexist	  –	  gradual	  transi(on	  with	  milder	  	  
boIleneck	  (Lvov,	  Nazarenko,	  Rudenko,	  2008).	  1-‐fluid	  model,	  
blending	  func(on.	  Equi-‐par((on	  of	  the	  KW	  energy.	  

•  Finite-‐T	  suppression	  of	  KW	  and	  boIleneck.	  1-‐fluid	  model	  with	  
an	  effec(ve	  viscosity	  term.	  

•  Polariza(on	  enhancement	  of	  the	  boIleneck	  effect	  via	  
suppression	  of	  reconnec(ons	  (e.g.	  in	  presence	  of	  external	  
rota(on).	  



Finite-‐T	  suppression	  of	  KW	  and	  boMleneck.	  	  
1-‐fluid	  model	  with	  an	  effecFve	  viscosity	  term	  	  

(Boue	  et	  al	  2015)	  
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1-‐fluid	  and	  2-‐fluid	  models	  (Boue	  et	  al	  2015)	  

Reconnec(ons	  are	  the	  main	  
mechanism	  for	  dissipa(on	  via	  	  
mutual	  fric(on.	  	  
Normal	  and	  superfluid	  components	  
get	  unlocked	  during	  fast	  
reconnec(on	  dynamics.	  Thus	  
Vinen-‐Niemela	  model	  (with	  s(ll	  
normal	  component)	  gives	  good	  
descrip(on	  at	  high	  T.	  	  



PolarizaFon	  enhancement	  of	  the	  boMleneck	  	  
•  Polariza(on	  enhancement	  of	  the	  

boIleneck	  effect	  via	  suppression	  of	  
reconnec(ons	  (e.g.	  in	  presence	  of	  external	  
rota(on).	  

•  Poor	  man’s	  model:	  view	  polarized	  tangle	  as	  
a	  direct	  sum	  of	  an	  unpolarized	  and	  fully	  
polarized	  components:	  

•  This	  effect	  is	  possibly	  seen	  in	  SHREK,	  which	  
can	  access	  spectra	  (not	  just	  the	  net	  vortex	  
line	  decay).	  	  

•  December	  SHREK	  mission	  dedicated	  to	  
study	  of	  crossover	  scales	  –	  FeliSia	  
campaigh.	  
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• 	  ST	  is	  a	  unique	  system	  where	  gradual	  transi(on	  from	  the	  classical	  to	  the	  
quantum	  physics	  is	  taking	  place	  along	  the	  cascade.	  ST	  is	  a	  rich	  system:	  
vor(ces,	  polarised	  tangles,	  bundles,	  reconnec(ons,	  waves.	  
• Asympto(cally	  exact	  theory	  is	  available	  for	  small-‐scale	  ST	  for	  T=0.	  
• The	  boIleneck	  classical-‐quantum	  crossover	  leads	  to	  reduc(on	  of	  ν′.	  
• The	  gradual	  crossover	  theory	  predicts	  existence	  of	  a	  range	  where	  the	  
spectrum	  is	  wave	  dominated	  but	  the	  flux	  is	  eddy	  dominated.	  	  
• Finite	  T	  kills	  KWs	  and	  the	  boIleneck.	  Polarisa(on	  enhances	  the	  
boIleneck.	  	  
• Theory	  has	  many	  (reasonable)	  assump(ons.	  Accurate	  numerics	  needed	  
for	  turbulence	  with	  a	  wide	  scale	  range	  including	  those	  >	  and	  <than	  ℓ.	  
• Experiment	  is	  planned	  at	  CEA	  Grenoble	  SHREK	  facility	  to	  probe	  the	  cross-‐
over	  region.	  

Summary	  


