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ÖAÑÐØ

� � ÏH×ËÖAÎ�
�ÒÕÖ�ØÙéWØÙç � Ö�ÔËÛpÑÐÞzÑÐØÙñ���Ö}Ö�Ø
U ′,′′

� ÖAÑ.ÏH×ËÖAÎ�
�ÒÕÖHÑ.Ò ×�ØÓÖHÎÐ×ËÖHÑ.ÔËÖHÑ�Ô·ÖHÛ�pÍËðËçWÑÓÖAÑ�� � � ÏH×ËÖAÎ�
�ÒÕÖ�ÔËÖ
� ç ÑÓÛËÎ9"¬çèîHÖ ÔËÖ ÑÓÏHÍËçWÎÙçèØÓÒ é�×CÖAÑÐØ Y

Uσ = U − U ′ − U ′′,

ÖAØ�ÑÓéWÛËÑB"�é�Î9��Ö}ÔËÒ	G¹ÏAÎÓÖH×¯ØÙÒÕÖ ��� Ö54!Y

dUσ = TdSσ + γdA+ µσdNσ.

Sσ, A, T, µσ ÖAØ
Nσ ÑÐé�×�Ø � � ÖA×�ØÙÎÐé�ÍËÒÕÖ�� � � çWÒ ÎÐÖ�� � çáØÙÖ���ÍrÏAÎÙçèØÓÛËÎÓÖ�� � Ö}ÍréWØÓÖH×¯ØÙÒ Ö � î ðËÒ	��Ò	�zÛ·Ö}ÖAØ � Ö

×Ëé��+*ËÎÓÖïÔËÖ Í¸çèÎÐØÙÒÕîHÛ � ÖHÑ Ô·Ö � � ÒÕ×�ØÓÖHÎ9"¬çèîHÖ��·ØÙçW×ËÔËÒÕÑB��ÛËÖ

γ =

(

∂Uσ

∂A

)

Sσ ,Nσ

2 � � � 5
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ÛË×ËÒÕØÓÏïÔ�� çèÒ ÎÓÖN5.Ô�� ÛË×ËÖ��Ié � ÏHîHÛ � Ö}ÑÐÒÕØÙÛ·ÏHÖ ÍËÎÐñHÑ�ÔËÖ � çÝÑÐÛËÎ9"¬çWîAÖ �èçèÛ·Ø�ÖH× �8ÒÕÎÓéW× Y

γ ∼ ε

σ2
∼ 10−22J

10−20m2
= 10−2N/m,

σ
Ï�Ø çW×¯Ø.Û·×ËÖ�ÔËÒ Ñ Ø çW×·îHÖ�ÒÕ×�ØÓÖHÎ��Ié � ÏAîHÛ � çWÒ ÎÓÖ<��é¤Þ�ÖH×·×ËÖ�� $ ÖHÑL�IÏAØÙçWÛ� � Ò���ÛËÒÕÔËÖHÑ6éW×�Ø|ÛË×ËÖ�ÏA×ËÖHÎ9
�Ò Ö

ÔËÖ ÑÓÛËÎ9"¬çèîHÖ Í � ÛËÑ Ï � Ö���ÏAÖÚÖH×qÎÙçWÒÕÑÓé�×CÔ·Ö � ÖHÛËÎ<
WÎÙçW×ËÔ·Ö ÏH×ËÖAÎ�
�ÒÕÖ ÔËÖ îAé�ðËÏHÑÐÒ é�×=�
$ ç=Ô·Ò	G¹ÏHÎÓÖA×�ØÓÒ Ö �	� Ö}ÔËÖ � � ÏA×ËÖHÎ9
�Ò Ö}ØÓéWØ ç � Ö}ÔËÛqÑÐÞzÑÐØÓñ��IÖ �èçWÛ·Ø�Y

dU = TdS − p′dV ′ − p′′dV ′′ + µ′dN ′ + µ′′dN ′′ + µσdNσ.
2 � � ��5

,.é�×ËÑÐÒ ÔËÏAÎÓé�×·Ñ ��çWÒ ×¯ØÙÖA×¸çW×�Ø ÛË×·ÖIØÙÎÓçW×ËÑ#"�é�Î���çèØÙÒÕéW×�Ò ×�MË×ËÒÕØÓÏHÑÓÒ	��ç � Ö�/
T

Ö�Ø
V

îHé�×ËÑ Ø çW×¯ØÙÑ��
,.é����IÖ�çWÛpîAé�ÛËÎÓÑ.ÔËÖ � çÚØÙÎÓçW×ËÑ#"�é�Î���çèØÙÒÕéW× � ÖHÑ.Í·ð¸çWÑÓÖAÑ ÑÐé�×�Ø�ÖH×pÏ���ÛËÒ � Ò�*ËÎÐÖ!� Û·ØÓÛËÖ � �

µ = µ′ =

µ′′ = µσ ����� � �C2 � ����5.ÖHÑ Ø�Ï���ÛËÒ	�èç � ÖA×�ØÙÖ�/ Y

d (U − TS − µN) = dΩ = −p′dV ′ − p′′dV ′′ + γdA.
2 � ��� 5

Ω (µ, T, V )
ÏAØÙçW×�Ø � Ö?
WÎÙçW×ËÔdÍréWØÙÖA×�ØÙÒÕÖ � ÔËÛ[Ñ Þ8Ñ ØÙñ���Ö+��ÛËÒ �rÍ¸çWÎ�Ô·Ï�M¸×ËÒ ØÙÒÕé�×��r×·Ö?�èçèÎÓÒ Ö0Í¸çWÑ

Ô¸çW×ËÑ � ÖCÍËÎÐézîHÖHÑÐÑÓÛËÑ$ÔËé�×·î
dΩ = 0

�L.nçWÒ ×¯ØÙÖH×ËçW×�ØIîHé����IÖ
dV = dV ′′ + dV ′ = 0

2 � ��� 5
Ñ�� ÏHîHÎÐÒÕØ�Y

(p′′ − p′) dV ′′ = dA,

�$çWÒÕÑ
dA = κdV

�
κ
Ï�Ø çW×¯Ø � ç îHé�Û·Î�*ËÛËÎÐÖ � ézî»ç � Ö}ÔËÖ � � Ò ×¯ØÙÖHÎ#"¬çWîAÖïÔËéW×Ëî�Y

(p′′ − p′) = γκ.
2 � ���X5

2 � ���X5�ÖAÑÐØ îHé�×·×zÛËÖ=îAé��:��ÖáÏ���Û¸çèØÓÒ é�×[ÔËÖ $ çWÍ � çWîHÖ ÖAØ}ØÙÏ��Ié�Ò	
�×ËÖáÔËÛ "¬çWÒÕØ��zÛ·Ö=ÑÓÒ � � Ò ×¯ØÙÖAÎ#�
"¬çWîHÖ=Ô·ÖIÑÐÏHÍ¸çèÎÙçèØÓÒ é�×�ÖAÑÐØÚîHé�Û·Î�*rÖ � ç
Í·ÎÓÖHÑÐÑÓÒÕé�×GÔ¸çW×ËÑ � ÖAÑ Ô·ÖHÛ��ÍËð¸çWÑÐÖHÑÚÖHÑ Ø0ÔËÒHG%ÏAÎÓÖA×�ØÙÖ�� / é�Û·Î
îHé��IÍËÎÓÖA×ËÔËÎÐÖïîHÖ � ç é�×CÍrÖAÛ·Ø�çèÛËÑÓÑÐÒ*ÍrÖA×ËÑÓÖAÎ�çèÛCÑÓÖA×ËÑ $&�IÏHîHçW×ËÒ���ÛËÖT'�ÔËÖ � ç0ØÙÖA×ËÑÓÒÕé�×CÔËÖïÑÐÛËÎ9"¬çWîAÖ��
;�é�ÛËÑDçN��é�×ËÑ ÔËé�×·×ËÏ ÍËçWÎ 2 � � � 5|ÛË×·Ö ÔËÏ�M¸×ËÒ ØÙÒ éW×
ÏA×ËÖHÎ9
�ÏAØÓÒ���ÛËÖ Ô·Ö

γ
� �}×CÍrÖHÛ8Ø�çèÛËÑÓÑÐÒ �Ié�×�ØÓÎÓÖAÎ

�zÛ·Ö � ÖHÑE"�é�ÎÓîAÖHÑ ×ËéW×GîAé���ÍrÖA×ËÑÓÏAÖHÑ / � � é�ÎÓÒ	
�Ò ×ËÖ Ô·Ö
γ
ÔËéW×Ë×ËÖH×¯Ø � ÒÕÖHÛ /
ÛË×GÑ ØÙÎÓÖAÑÓÑÚÍ¸çWÎÓç ��� ñ � Ö�/

� çnÑÓÛ·Î9"¬çWîAÖ��àé�Û ��
�� ����� ���U��ÛËÒ|ØÓÖH×ËÔ /dÎÐÏHÔËÛ·Ò ÎÓÖ � � ÒÕ×�ØÙÖAÎ9"¬çWîAÖ��:���IÖ�� / é�ÛËÎáîHÖ�ØÓØÓÖ
ÎÓçWÒ ÑÐé�×(ÛË×ËÖ
Ò ×�ØÓÖHÎ#"¬çWîHÖ�îAé�ÛËÎ9*rÖïÖT�8ÖHÎÓîAÖ Û·×ËÖ}ÍËÎÓÖAÑÓÑÐÒ é�×
ÍËÎÐé�Íré�Î ØÙÒ éW×Ë×ËÖ ��� Ö�ÖAØ�ÔËÛ �:���IÖ�ÑÐÒ�
�×ËÖ�Ô·Ö}ÑÓé�×pÎÙç¤Þ�éW×
ÔËÖ îHé�ÛËÎ9*ËÛËÎÐÖ � ézîHç � �

,.ÖAØÐØÙÖ�ÒÕ×�ØÓÖHÎ9"¬çèîHÖ|Ö��8ÖHÎÐîHÖDçèÛËÑÓÑÐÒ8ØÙéWÛ·Ø � Ö � éW×>
�ÔËÖ.ÑÓç!"�ÎÓé�×¯ØÙÒ ñAÎÓÖ|Û·×ËÖ "�éWÎÓîHÖ ��ÛËÒ ��/ � � Ï��zÛ·Ò � Ò	*·ÎÓÖ��
ÔËé�ÒÕØ+��ØÙÎÐÖ
îHé��IÍrÖH×·ÑÓÏHÖ��%;�éWÛËÑ+��ÖHÎÐÎÓé�×ËÑÝÍ¸çWÎ ÖT�·Ö���Í � ÖK�zÛ·ÖCîAÖAØ=Ï���ÛËÒ � Ò	*ËÎÓÖ$Ô·Ï�M¸×ËÒ Ø � ç "�é�Î9��Ö
Ô�� Ï���ÛËÒ � Ò�*ËÎÐÖ
Ô�� Û·×ËÖ 
Wé�Û·ØÓØÓÖCÑÓÛËÎIÛ·×ËÖqÑÓÛËÎ#"¬çWîHÖqÑÐé � ÒÕÔËÖ��%,�� ÖHÑ ØpçWÛËÑÐÑÓÒDÍré�ÛËÎ=îHÖ�ØÓØÓÖnÎÓçWÒ ÑÐé�×F��ÛËÖ
"�ÎÓÏ���ÛËÖ����IÖA×�ØDéW×3�IÖHÑÐÛËÎÓÖïÛË×·ÖïØÓÖH×ËÑÐÒ é�×
ÔËÖïÑÓÛ·Î9"¬çWîAÖÚçN��ÖHîïÛË×ËÖ *¸ç � çW×ËîAÖ�2¬ÔËÒ ØÙÖ}Ô·Ö  Ò � ð·Ö � �0Þ
��� � � 5��
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;�éèØÙé�×ËÑ<�zÛ·ÖS2 � ��� 5L"�é�Û·ÎÓ×ËÒ ØDÛ·×ËÖÚÔËÏ�M¸×ËÒ ØÙÒ éW×CÍ � ÛËÑDÍ·ÎÙçèØÓÒ���ÛËÖ Ô·Ö � ç ØÓÖH×ËÑÐÒ éW×qÔËÖ ÑÓÛËÎ#"¬çWîHÖ�Y

γ =

(

∂Ω

∂A

)

T,V,µ

=

(

∂F

∂A

)

T,V,N

2 � � � 5
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�8ÛËÍ·Íré�ÑÓé�×·Ñ1��çWÒÕ×�ØÙÖA×¸çW×¯ØK�zÛ·Ö � � é�×�ç��IñA×ËÖ[ÛË×·Ö 
�éWÛ·ØÓØÙÖ � Ö�ØÓØÙÖ[çèÛ�îHé�×¯Ø çèîAØCÔ�� ÛË×ËÖ�ÑÐÛËÎ#�
"¬çWîHÖÚÑÐé � ÒÕÔËÖ �zÛ·Ö0×Ëé�Û·Ñ�Ò	�$ç�
�ÒÕ×·é�×ËÑ Ò Ô·Ï»ç � Ö��IÖH×¯ØDÍ � çè×ËÖ ÖAØ�î ðËÒ	��Ò	�zÛ·Ö��IÖH×¯Ø�ð·é��Ié�
�ñH×·Ö�� ��ÖHÛ8�
ÑÓÒÕØÓÛ¸çèØÓÒ é�×ËÑ ÍrÖAÛ���ÖH×¯Ø�ÑÓÖ ��ÏHÎÓÒHM¸ÖAÎ3Y � ç6
�é�Û·ØÐØÙÖ
Ñ�� ÏAØÙç � Ö
ÑÓÍré�×¯Ø çW×·Ï��IÖH×¯Ø}ÜÐÛËÑ���Û�� / �Ié�ÛËÒ �	� ÖAÎ � Ö
�$ç)�8Ò	� Û>��ÔËÖ}ÑÓÛËÎ#"¬çWîHÖ}ÑÓé � Ò ÔËÖ�é�ÛK*ËÒ ÖA× � ç 
�é�Û·ØÐØÙÖ�×ËÖ}Ñ�� ÏAØ ç � Ö}ÍËçWÑ�ÖAØ.ØÙÎÓéWÛ���Ö}ÔËé�×Ëî}ÛË×·Öï×ËéWÛ�
��Ö ��� Ö�îAé�×�M@
WÛËÎÙçèØÓÒ é�×$Ô�� Ï���ÛËÒ � Ò	*ËÎÓÖ!��ÛËÒ=�IÒ ×ËÒ	�=ÒÕÑÓÖ�ÑÓé�×
ÏA×ËÖHÎ9
�Ò Ö�� � � ÖHÑ Ø "¬çWîHÒ � Ö�ÔËÖ}ÍËÎÐÏ���é�ÒÕÎ � � ÛË×ËÖ
é�Û � � çWÛ·ØÓÎÓÖ$Ô·ÖHÑÝÑÓÒ ØÙÛ¸çäØÙÒ éW×ËÑ0ÑÓÒ � � é�×ÅîAé�×Ë×¸ç)P Ø � ÖHÑ ÏA×ËÖHÎ9
�Ò ÖAÑÝÒÕ×�ØÓÖHÎ#"¬çWîHÒ ç � ÖHÑ0ÔËÛjÑÐÞzÑ ØÙñ��IÖ����8éWÒÕØ
γSG

� ç�ØÓÖH×ËÑÐÒ é�×[ÔËÖ ÑÓÛËÎ#"¬çWîHÖÝÔËÖ � � Ò ×¯ØÙÖAÎ9"¬çWîAÖáÑÓé � Ò ÔËÖ���
¯çèÑ�� �8Ò � Ö � Ò	�zÛ·Ò ÔËÖ0Ñ�� ÏAØÙç � Ö ÑÐÛËÎ � Ö ÑÐé � ÒÕÔËÖ
î�� ÖHÑÐØ!��ÛËÖ � � ÏH×ËÖAÎ�
�ÒÕÖï×ËÏAîHÖHÑÐÑÙçWÒÕÎÓÖÚÍré�ÛËÎ "�é�Î��IÖHÎ�ÛË×ËÖ ×Ëé�Û���Ö ��� ÖïÒ ×¯ØÙÖHÎ#"¬çWîHÖ

γSL

ÖHÑ Ø�ØÙÖ ��� ÖE�zÛ·Ö:Y

γ + γSL ≤ γSG

�zÛ=� é�×qÍrÖHÛ·Ø�ÎÓÏAÏHîAÎÓÒ ÎÐÖ îHé����IÖ�Y

S = γSG − γ − γSL ≥ 0.
2 � ��� 5

S
ÖHÑ Ø � Ö$� ��������������
 � % ���(���&
�� 
�� ��ÔËÛGÑ Þ8Ñ ØÙñ���Ö ��� � � � �8Ò � çpÍËð¸çWÑÐÖ:
¯ç �HÖHÛ·ÑÓÖIÖAÑÐØÚîHéW×ËÑÐØÓÒÕØÙÛ·ÏHÖ

ÔËÖ � ç��èçèÍrÖHÛËÎïÑÙçèØÓÛËÎÙçè×�ØÙÖ ÔËÛ � Ò	��ÛËÒ ÔËÖ0ÖH×�Ï�Ø ç � Ö��IÖH×¯Ø:2¬Ò � Ö��
γSG ≡ γSV

5����wÖAÑÐØ ÑÐØÙÎÐÒ î�ØÙÖ��IÖA×�Ø
×zÛ � ÔËçW×ËÑ � Öïî»çèÑ�Ô·Ö��Ié�ÛËÒ �	� ç�
�Ö�îHé��IÍ � ÖAØN�

� ÛiîHéW×�ØÓÎÙçWÒÕÎÓÖ
ÑÓÒ
S < 0

� ç 
�éWÛ·ØÓØÓÖC×ËÖCÑ�� ÏAØ ç � ÖCÍ¸çèÑIîAé��IÍ � ñ�ØÙÖ��IÖH×¯Ø=Ö�Ø � � éW×bÍ¸çWÎ � Ö
ÔËÖ
$&�Ié�ÛËÒ �	� ç�
WÖ0Í¸çWÎÐØÓÒ Ö � ' �=,.ÖÝÑÐÞzÑ ØÙñ��IÖ=Í·ÎÓÏHÑÐÖH×¯ØÙÖ=ÖH×[Í � ÛËÑ}Û·×ËÖÝÒ ×¯ØÙÖAÎ9"¬çWîAÖ ÔËÖÝÑÐÏHÍ¸çèÎÙçèØÓÒ é�×wÛË×ËÒÕÔËÒH�
��ÖA×ËÑÓÒÕé�×Ë×ËÖ ��� Ö�� � ç � Ò�
W×ËÖ�ÔËÖ îAé�×�ØÙçWîAØDÔËÖ � ç+
Wé�Û·ØÓØÓÖïé�Û � �� �!
 ����� � �&
��>/ � ç���ÛËÖ ��� Ö�é�×qçÝîHézÖT�8Ò Ñ#�
ØÙÖH×·îHÖÚÔËÖAÑDØÙÎÐé�Ò Ñ�ÍËð¸çWÑÐÖHÑ?2OM@
�� � � � 5T�

,.é��:�IÖ�ÑÐÛ>
�
�ÏAÎÓÏ$Í¸çWÎ � Ò�*>*·Ñ ��� � ×Ëé�Û·Ñá×ËÏ�
 � Ò�
WÖHé�×·Ñ � ÖHÑ0ÔËÏ�Ø çWÒ � Ñ��IÒ îAÎÓé�ÑÐîHé�Í·Ò���ÛËÖHÑ0Ô·Ö � ç
� Ò�
W×ËÖnÖA× � ÛËÒ�çèØÐØÙÎÓÒ	*ËÛ¸çW×¯Ø$ÛË×·Ö[ÏA×ËÖHÎ9
�Ò Ö�� / çWÎpçW×¸ç � é�
�ÒÕÖnç ��ÖAîF2 � � � 5I×ËéWÛËÑpÔËÏ�M¸×ËÒ ÑÐÑÓé�×·Ñ
ÛË×ËÖ
��
�� ����� � ��
� �� �!
�Y

τslv =

(

∂Ω

∂L

)

T,V,Aij ,µ

=

(

∂F

∂L

)

T,V,Aij ,N�zÛ·Ò�ÎÓÖAÍËÎÓÏAÑÓÖA×�ØÓÖ � � ÏA×ËÖAÎ�
�ÒÕÖn×ËÏHîAÖHÑÓÑÓçWÒ ÎÐÖwÍ¹éWÛËÎ$ÏAØÓÒ ÎÐÖHÎ � ç � Ò�
W×ËÖqÔËÖdîHé�×¯Ø çWî�ØpÔ�� Û·×ËÖ � é�×�
�ÛËÖAÛËÎ
ÛË×ËÒÕØÙçWÒ ÎÐÖqØÓé�Û·ØpÖH× 
¯çèÎÓÔ¸çè×�ØpîAé�×ËÑÐØÙçW×�ØÓÑ � Ö ��é � Û>�IÖ�� � çGØÙÖ���ÍrÏAÎÙçèØÓÛËÎÓÖdÖAØ � ÖHÑpçèÒ ÎÓÖ

Aij

ÔËÖHÑ
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r

R

qg
sv

g
sl

g

t
slv
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	����������������������� �"!��$#&%�'(�)%�!��$*+���)%,#,#.-/���102-/34��%5�6#,#7�6*+�6���8�)���+96��3,:;-�<=�9>��#&%�!��?�=96�������8�A@��6*?0�#7�B!��?<=�
�A@C%796�D�6��<=�B!��E��3F��%79G0�H2-
9>�=9I#7�I#7�����J!�K �)���I#&%.�/���MLNPOJN7Q.RCS2T?UWVWQ7XYN7T�Z

[W\ V^]�O`_;T [ba T [Wc X�O`VWO/UFQ.dCSfeCghTEX�d/UFT;SiUFQ.T;NY_4j2Q.k�Q.l \ T a2\m[An)[ UWo;kpT a dCQ.UGq(UWVWTEN \ Q2O \Y[W[ Q \ S2Q.]rd`VWkpT
X�d \ VEN7Os_(dCS a QtUFQ.dCS afuvc l \ Q7N.Q7w2VATxk \ U \ T;N a T [ X2j�O [ T [ T(UBQ.S�UFT(VA]�O`_(T [ e

ybz�{Iz5{ |~}1�?� � � �?�2���?�h��� � ���?�h�����Y�D�8� �h�
� N u�c l \ Q.N7Q.w2VATmN uvc l \ O/UWQ7dCS a T�g�O/X2NPO/_;TpSYd \2[ O [A[W\ VAT+l \ T�N7TmVFO n dCS a T�_(d \ VWw \ VWT a TpNPO

RCd \ UAUFTxT [ UB_;dCS [ U=O`SiU���T(N7N.T8X2VWT(S a"a dCS2_�N7O�]rdCVWkpT afuv\ S2T�_;O`N7d/UWUFT [ XYj c VAQ7l \ T/e��)dCQtU
θ

N u O`SYRCN7T
a T�_(dCS�UFO`_(U;e��Md \Y[ VWT(_4jYT;VW_=j2dCS [ N7OJ_;d`S a QtUFQ7d`S afu�c l \ Q.N7Q.w2VWT a T�_;T6UWUWT�N7Q.RCS2T`e���T6UWUWT c l \ O/UWQ7dCS
T [ U�O`S�O/N7dCR \ T���N u�c l \ O�UFQ7d`S a T�g�O`X2N7O`_;T�X�d \ V�N7T [�[A\ VA]�O/_;T [$a T [Ac X�O`VWO/UFQ.dCSfeI� \ X2X�d [ dCS [l \ TsSYd \2[8c U=O`N.dCS [ N7O�RCd \ UWUFT a�uv\ SYTsl \ O/S�UFQtU c Q.SY �S2QtU c([ Q7k�O/N.T [ O/S [ _4j2O`S2RCT(V [ dCS�¡CdCN \ k�T�¢
r → r+ dr

�
dVl = dV = 0

e���d \2[ _(T [ _(dCS a QtUFQ.dCS [ N7TB_4j2O`S2RCT(k�T(S�U aY\ RCVFO`S a X�d/UFT;SiUFQ.T;N a2\
[An)[ UWo;kpT£T [ U�¢

dΩ = γdAlv + γsldAsl + γsvdAsv + τslvdL.

¤ O`Q7SiUFT(S�O`SiU
dAsl = 2πrdr, dAsv = −dAsl

T(U
dL = 2πdr = dAsl

r
= κldAsl ¥ κl ¦ _(d \ VAw \ VWT

a T�N7O�N7Q7R`S2T
§
. ¨ S�X�T \ Upk�d`S�UFVAT;V�]�O`_;Q.N7T(kpT;SiUsl \ T

dAlv = cos θdAsl ¥ l \ O`S a dVl = 0
§4e

© dCS2_m¢
d Ω = (γ + γsl − γsv + κlτslv) dAlv.

� N u�c l \ Q.N7Q.w2VAT dΩ
dAlv

= 0
� a d`S2_m¢

(γ cos θ + γsl)− γsv = κlτslv. ¥Dª e&«`§
g uvc l \ O/UFQ.dCS ¥Dª e¬«C§mX2VWT(S a N.T�S2dCk a�ur '(�2-/��%5����!��¯®°���)���±*+��!/% ²  � T(U$VAT;X2V c;[ T(S�UWT³NPO

_;dCS a Q.UFQ.dCS afu�c l \ Q.N7Q.w2VWTEk c _�O`SYQ7l \ T a�uv\ SYT?N7Q.RCS2TIUWVWQ.X2N7T/e��Md`UWdCS [ N u O/S�O`N7d`RCQtTBO�¡CT;_MN u�c l \ O/UWQ7dCS
a T�g�O/X2NPO`_(TxX�d \ VEN.T [I[W\ V^]�O`_;T [ e

© O`S [ N7T [ UFT4´)UFT [ _;N7O [W[ Q7l \ T ["a Tµ_�O/X2Q7N.N7O`VWQ¶U c dCS·S2T³UFVAd \ ¡CTµX�O [ UFVWO`_;T a T
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ÖHÑÐØ *rÖ»çèÛËîHé�Û·ÍpÍ � ÛËÑ%"¬çWÒ	* � Ö<�zÛ·Ö�îHÖ ��� Ö�ÔËÖ�ÑÓÛËÎ#"¬çWîHÖ�ÖAØ.ÍrÖAÛ·Ø.ÔËé�×Ëî!��ØÙÎÓÖ�×ËÏ�
 � Ò	
�ÏHÖI/ÚÛË×ËÖ�ÏHî ðËÖ �	� Ö
�$çWîAÎÓé�ÑÐîHéWÍËÒ���ÛËÖ�� ,.é����IÖ

τ
ç � ÖAÑ:������ÖAÑIé�ÎÓÒ	
�ÒÕ×ËÖHÑ=Í·ð�ÞzÑÓÒ	�zÛ·ÖHÑS�zÛ·Ö

γ
é�×\ÍrÖAÛ·Ø$ÖHÑ ØÙÒ	��ÖAÎ


�ÎÓé�ÑÐÑÓÒÕñHÎÓÖ���ÖA×�Ø � ç ÔËÖH×·ÑÓÒÕØÓÏ Ô�� ÏA×ËÖHÎ9
�Ò Ö Ô=� ÛË×·Ö � Ò	
�×ËÖ+Y

τ ∼ ε

σ
∼ γσ ∼ 10−2N

m
× 10−10m = 10−12N.

$ Ö[ÎÙçèÍËÍré�ÎÐØ
τ/γ

ÔËéW×Ë×ËÖ[ÔËé�×Ëî[Û·×ËÖ[ÏHî ðËÖ �	� Öw×¸çè×Ëé��IÏAØÙÎÐÒ���ÛËÖwÑÐÛËÎ � ç��zÛ·Ö ��� Ö � ç�ØÙÖH×·ÑÓÒ éW×
Ò ×�ØÓÎÓÒÕ×ËÑÓñ��zÛ·ÖïÔËÖ � ç � Ò�
�×·Ö}Ô·Ö��zÒ ÖA×�ØDîHé��IÍ¸çWÎÓç�* � ÖïçN��ÖHî îAÖ �	� Ö}ÔËÖAÑDÑÓÛËÎ#"¬çWîHÖAÑ�Ö�ØD×�� ÖAÑÐØ�ÔËéW×Ëî Í � ÛËÑ
×ËÏ�
 � Ò�
WÖ»ç�* � Ö�� � ×
îAÖ}ÑÓÖH×·Ñ

τ/γ
ÎÙçWÍËÍrÖ ��� Ö � ç � é�×>
�ÛËÖAÛËÎ|î»çWÍËÒ ��� çèÒÕÎÓÖ
	 ��ÛËÒ-M��8Ö � � ÏHî ðËÖ �	� Ö�/áÍ¸çèÎÐØÙÒÕÎ

ÔËÖ � ç���ÛËÖ �	� Ö � ÖAÑD"�é�ÎÓîAÖHÑàîHçWÍËÒ ��� çèÒÕÎÐÖHÑ´ÔËé���ÒÕ×ËÖH×¯Ø«ÑÓÛ·Î � ç�ÍrÖAÑÙçW×¯ØÙÖAÛËÎ�� � ×ËÖ|ÔËÖHÑ �IéWØÙÒH�èçèØÓÒÕé�×·Ñ´ÔËÖ|îHÖ
ØÙÎÙçN�èçWÒ � ÖHÑ Ø6ÜÐÛËÑÐØÓÖ��IÖH×�Ø�Ô�� ÏAØÙÛ·ÔËÒ ÖAÎ�ÔËÖAÑ�ÑÐÒÕØÙÛËçèØÙÒÕé�×ËÑDÔËÖ �Ié�ÛËÒ �	� ç�
�Ö / � � ÏHî ðËÖ ��� Ö ×¸çW×Ëé��IÏ�ØÙÎÓÒ	�zÛ·Ö
Íré�ÛËÎB�IÖAØÐØÙÎÓÖïÖA×nÏ��8ÒÕÔËÖH×·îHÖ � ÖAÑDÖ�G¹Ö�ØÙÑ�ÔËÖ � Ò	
�×ËÖ��

/ é�ÛËÎ}îHé�×¯ØÙÒ ×�ÛËÖAÎ ç ��ÖAî � ÖHÑ çè×¸ç � é�
�ÒÕÖHÑ��¹é�×�Íré�Û·ÎÓÎÙçèÒÕØïçWÛËÑÐÑÓÒÁÒ	�$ç�
�ÒÕ×·ÖHÎ���ÛËÖ � ç$ØÓÖH×ËÑÐÒ é�×[ÔËÖ
� Ò�
W×ËÖÚÑÓéWÒÕØN� îHé����IÖ

γ
�rÑÐØÓÎÓÒ î�ØÙÖ���ÖA×�Ø�Íré�ÑÓÒ ØÙÒH��Ö��=.nçWÒ Ñ�/$Í·ÎÓÒ éWÎÓÒ¢Ò � ×�� Ö��8Ò Ñ ØÙÖ ÍËçWÑ�Ô�� çWÎ�
WÛ>��ÖA×�ØÓÑ

ØÙðËÖAÎ��IézÔ·Þz×¸ç��IÒ���ÛËÖAÑ$ÑÓÒ��IÍ � ÖHÑ�Íré�Û·ÎpÍ·ÎÓé�Û��WÖHÎpîHÖ � ç� / çWÎ$ÖT�·Ö���Í � ÖdÛË×ËÖdØÓÖH×ËÑÐÒ é�×Y×ËÏ�
¯çèØÓÒ	��Ö
×�� Ò	��Í � ÒH�zÛ·ÖCÍ¸çWÑIÛË×ËÖqÒ ×ËÑ Ø ç�*ËÒ � Ò ØÙÏ
îHçWÎIÛË×ËÖqÖ��8Í¸çW×·ÑÓÒ éW×\ÑÓÍré�×¯Ø çW×·ÏHÖnÔËÖ � ç � Ò	
�×ËÖpØÙÎÐÒ Í � Ö
ÖH×�
ØÙÎÙç)P ×ËÖ
ÛË×ËÖqçWÛ>
��IÖH×¯Ø çèØÓÒ é�×jÔËÖAÑIÏH×ËÖAÎ�
�ÒÕÖHÑIÔËÖCÑÓÛËÎ#"¬çWîHÖqÖ�Ø � ÖCÑ ÞzÑÐØÙñ���ÖqÍ¸çWÎ#�8ÒÕÖH×¯Ø�/�ÛË×ËÖqÑÐÒH�
ØÙÛ¸çèØÓÒ é�×�Ô�� Ï���ÛËÒ � Ò�*ËÎÐÖ��C;�é�ÛËÑ���ÖAÎÓÎÓéW×ËÑ0Ô¸çW×ËÑ � çCÑÓÛ·ÒÕØÙÖIîAé��:��ÖA×�ØÚÔËÖAÑ �äç � ÖAÛËÎÓÑÚÑÓéWÒÕØÚÍré�ÑÓÒ ØÙÒH��ÖHÑ
ÑÓé�Ò ØÁ×·Ï�
¯çèØÓÒ	��ÖAÑÁÔËÖ

τ
ÑÓé�×¯Ø6Íré�ÑÐÑÓÒ�* � ÖHÑàØÙð·ÏHé�ÎÐÒ���ÛËÖ���ÖA×�ØN�WîAé��:��Ö.Ô�� çWÒ �	� ÖAÛËÎÓÑ � � ç�ÑÓÛ·ÍËÍré�ÑÓÏ � Ò�*>*·Ñ

� ÛËÒ � �����IÖ��

')(��  �«? 
Ú?:.
	D>��� � �A	DB ��	 � + 	D>¢B �«	��C	�� � �¢	 .C>*?V- . �
	���? 
 .
	
$ � ÖT�8îHñAÑ Ô=� ÏA×ËÖHÎ9
�Ò ÖáÔ·Ö � Ò�
�×·Ö���ÏAÎÓÒ ØÙÖÚÛË×ËÖáÔËÒ ÑÐîHÛËÑÐÑÓÒÕé�×wÍ � ÛËÑ�ÔËÏ�Ø çWÒ ��� ÏHÖ���;�é�Û·ÑïçN��é�×ËÑ�ÔËÏ�Ü�/

ÎÓÖ���çWÎ9�zÛ·Ï6ÍËçWÎ¢çW×¸ç � é�
WÒÕÖëç ��ÖAî � ç.ØÙÖA×ËÑÓÒÕé�× ÔËÖÁÑÓÛËÎ#"¬çWîHÖ�� ��ÛËÖ
τ
ç ÍréWÛËÎ*é�ÎÓÒ	
�ÒÕ×ËÖàÔËÖHÑ¢ÒÕ×�ØÙÖAÎÙçWî�ØÙÒÕé�×ËÑ

��é � ÏHîAÛ � çèÒÕÎÐÖHÑ|×Ëé�×
îAé��IÍrÖH×ËÑÐÏHÖHÑB/ ÍËÎÐé �8Ò��IÒ ØÙÏ�Ô·Ö � ç �Aé�×ËÖ}ÔËÖ}îHézÖT�·ÒÕÑÐØÓÖH×ËîAÖ ÔËÖAÑ ÍËð¸çWÑÐÖHÑ�� � ×ËÖ
çWÛ·ØÙÎÐÖ+"¬ç �HéW×�Í � ÛËÑ}é�ÍrÏHÎÓçèØÙÒÕé�×Ë×ËÖ ��� ÖáÔËÖÝÎÓÖHÍ·ÎÓÏHÑÐÖH×¯ØÙÖHÎÚîAÖ � çpÖHÑ ØÚÔËÖÝÍ¹ÖA×ËÑÓÖAÎ / � ç � Ò�
�×ËÖáîAé��:��Ö
/bÛ·×ËÖGÎÐÏ�
�ÒÕé�× ÔËÖ�ÔËÖH×ËÑÐÒÕØÓÏ�ÔËÒ	G¹ÏHÎÐÖH×�ØÓÖ�ÔËÖAÑ3�èç � ÖAÛËÎÓÑCÔ·ÖHÑqÍËðËçWÑÓÖAÑ1�$çWÑÐÑÓÒ	�zÛ·ÖHÑ�� � ×�îHÖ�ÑÓÖA×ËÑ
é�×(Íré�ÛËÎÐÎÙçWÒ Ø0îHç � îAÛ � ÖAÎ

τ
ÔËÖ:"¬ç �Aé�×ÅçW×¸ç � é�
�Û·Ö�/ � çCØÙÖA×ËÑÓÒÕé�×(ÔËÖ$ÑÐÛËÎ9"¬çèîHÖ � � � 	��&�qîHÖAÎÐØÙçWÒ ×ËÖAÑ

ð�ÞzÍréWØÙð·ñHÑÓÖAÑ�ÑÐÛËÎ � çáÔËÏAÍrÖH×ËÔËçW×ËîHÖ ÑÓÍËçèØÙÒ ç � Ö�ÔËÖ � ç0ÔËÖH×ËÑÐÒÕØÓÏ çWÛ8�
ç � ÖA×�ØÓé�ÛËÎÓÑ.ÔËÖ � ç � Ò�
W×ËÖ���,.Ö�ØÓØÙÖ
çWÍËÍËÎÐézî ðËÖÚç=Ï�ØÙÏïØÙÖA×�ØÓÏHÖÚÍ¸çWÎ �.Û�G[ÖAØ �·ç � ØÓÑ�*ËÛËÎ9
 ����� � Ö�Ø ��é�� � ÒÕ×ËÑÓéW×CÖ�Ø  Ò ÔËé�� ����% � �

� ×·ÖIçWÛ·ØÙÎÐÖ=îAé�×¯ØÙÎÓÒ	*ËÛ·ØÓÒ é�× / � � ÏA×ËÖHÎ9
�Ò Ö ÔËÖ � ç � Ò	
�×ËÖ �8ÒÕÖH×¯ØÚÔ·ÖHÑ Ò ×¯ØÙÖHÎÓçWîAØÓÒ é�×·Ñ}ÔËÒ ÑÐÍ¹ÖAÎÓÑÐÒ	��ÖAÑ
����� � ÖA×�ØÓÎÓÖ � ÖHÑD�Ié � ÏHîAÛ � ÖAÑ¢ÔËÖAÑ«ÍËð¸çWÑÐÖHÑ 
¸ÛËÒ Ô·ÖHÑ´ÖAØ � Ö6ÑÐÛ>*ËÑÐØÓÎÙçèØ��äÍËÛËÒÕÑ���ÛËÖ � � ÏAÍ¸çWÒÕÑÓÑÓÖAÛËÎ´ÔËÖ � Ò	��ÛËÒ Ô·Ö
ÍËÎÓñAÑïÔËÖ � ç � Ò	
�×ËÖ0ÖHÑ Ø "¬çWÒ	* � ÖK2OM@
�� � ����5T� � îHÖAÑ "�éWÎÓîAÖHÑïÑ�� ç ÜÐé�Û8ØÙÖH×¯ØïîHÖ �	� ÖAÑ}ÔËÖ ÔËéWÛ>* � ÖáîHéWÛËî ðËÖ
Ï � ÖAîAØÓÎÓé�Ñ Ø çèØÓÒ���ÛËÖ����� � ÑÐÒËÖH×=Í � ÛËÑ � Ö.ÑÓÛ>*·ÑÐØÙÎÓçèØ6ÖHÑ Øâî ð¸çèÎ�
�Ï Ö�Ø6ÑÐÒ � Ö � Ò	��ÛËÒ ÔËÖ|ÖHÑ Ø6ÔËÖ � � Ö»çèÛÝé�ÛÝÛË×ËÖ

���	ANR�ReA ;ZT*@5jV?BA8?5I AGF�R CEg��B@59UAkMNTVdYdYA
lc =

√

γ
ρg � g
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ÑÓé � Û·ØÙÒÕé�×wÔ�� Ï � ÖAîAØÓÎÓé � ÞzØÓÖ ���� � ���}×�ÍrÖAÛ·Ø ØÓÖH×ËÒÕÎ}îHé��IÍ·ØÓÖÝÔËÖÝîHÖAÑÚîAé�×¯ØÙÎÓÒ	*ËÛ·ØÙÒÕé�×ËÑ�Í¸çWÎïÖT�8Ö��IÍ � Ö
ç ��ÖAîÚÛË×ËÖ ÔËÖHÑÐîHÎÓÒÕÍ·ØÙÒÕé�×CÑÐØÙçèØÙÒÕÑÐØÙÒ	��ÛËÖïÔËÖ � ç � Ò	
�×ËÖ ����� �

.dçWÒÕÑ�îHÖAÑ�"�é�ÎÓîAÖHÑE/ � é�×>
�ÛËÖÚÍré�ÎÐØÓÏHÖáÔËé�×·×ËÖH×¯Ø çWÛ·ÑÓÑÓÒ � ÒÕÖHÛ /$Û·×ËÖ Ô·Ò ÑÐØÓé�ÎÓÑÐÒ é�×nÔËÛwÍËÎÐé�M � ÔËÖ
� � Ò ×�ØÓÖHÎ#"¬çWîHÖ � Ò���ÛËÒÕÔËÖ�� �èçWÍrÖAÛËÎ:2OM@
�� � ����5��C,.ÖAØ0Ö�G¹ÖAØÚîHé�×¯ØÙÎÓÒ	*ËÛËÖ=Ï�
¯ç � Ö��IÖH×�Ø�/

τ
Ö�Ø0Ô·é�ÒÕØ ÔËéW×Ëî

�AØÙÎÐÖ
îHé�× ��ÖH×¸ç�* � Ö���ÖA×�Ø=ÍËÎÓÒÕÑ ÖH×bîHé��IÍ·ØÙÖ��%,.Ö�ØÓØÓÖqçWÍËÍ·ÎÓézî ðËÖqçwÏAØÓÏCÑÐÛËÒ	�zÒ ÖpÍËçWÎ:,.ð�ÛËÎÙçèÖ��jÖ�Ø
��ÖHÎ®ÜÓç�
�ÛËÒÕ× ����� � �ËÍËÛËÒÕÑDÔËÖ � ÖH×Ë×ËÖAÑ�� �>� �  � ÖAØ � ×ËÔ·Ö Q ÖAÛ � � � � �

�.ÒÕÖH×7�zÛ·Ö�ØÙéWÛËÑ � ÖAÑ �IézÔËñ � ÖHÑ ØÓðËÏHé�ÎÐÒ���ÛËÖAÑáÍËÎÐÏ���é�ÒÕÖH×¯ØáÔËÖHÑ��èç � ÖHÛËÎÐÑK2¬Íré�ÑÐÒÕØÓÒ	��ÖHÑÚé�Û�×ËÏ�
�ç)�
ØÙÒ	��ÖAÑ 5 ÔËÖ ØÙÖA×ËÑÓÒÕé�×nÔËÖ � Ò	
�×ËÖïÑÓÒ ØÙÛËÏAÖHÑ�ÖA×�ØÓÎÓÖ

10−12
ÖAØ
10−10N

� � ��� ��%8� ��� � �¸Ö��8ÍrÏHÎÐÒ��IÖH×¯Ø ç � Ö��
��ÖA×�Ø é�×Gé�*·ØÓÒ ÖA×�Ø ÔËÖAÑ���ÖAÑÓÛËÎÐÖHÑÚÏ�
¯ç � Ö���ÖA×�ØïÍré�ÑÓÒ ØÙÒ	��ÖAÑ Ö�ØÚ×ËÏ�
¯çäØÙÒ	�WÖHÑ �$çèÒ Ñ�ØÙÎÐñHÑ ÔËÒ ÑÐÍ¹ÖAÎÓÑÐÏHÖAÑ
ÖH×�ØÓÎÓÖ

10−12
Ö�Ø
10−5N

����� ��� � � ��� � $ ÖHÑ �èç � ÖHÛËÎÐÑ � ÖAÑ Í � ÛËÑ "¬çèÒ�* � ÖHÑ.ÑÓé�×¯ØDé�*·ØÓÖH×�ÛËÖHÑB
�ÏH×·ÏHÎÙç � ÖT�
��ÖA×�Ø6Íré�ÛËÎ6ÔËÖAÑâÑÐÞzÑÐØÓñ��IÖHÑ|îAé�×ËÑÐØÓÒÕØÓÛËÏHÑ6ÔËÖDØÓÎÓé�ÒÕÑÁÍËð¸çèÑÓÖHÑ 
¸ÛËÒÕÔËÖHÑ�� � Û�îAé�×¯ØÙÎÙçèÒ ÎÓÖ � ç �IÖHÑÐÛËÎÓÖDÔËÖ
� � ÏH×ËÖAÎ�
�ÒÕÖïÔËÖAÑ � Ò�
�×·ÖHÑ.ØÙÎÐÒ Í � ÖHÑ�ÑÓÛËÎDÛË×·ÖÚÑÐÛËÎ9"¬çèîHÖ ÑÓé � Ò ÔËÖ}ÔËéW×Ë×ËÖ ÔËÖHÑDÎÓÏAÑÓÛ � Ø çèØÓÑ�çWÑÐÑÓÖ � ÔËÒ ÑÐÍ¹ÖAÎÓÑÐÏHÑ
ÖAØ�Í¸çWÎ#"�é�ÒÕÑ îAé�×�ØÓÎÙçWÔËÒÕîAØÓé�Ò ÎÐÖHÑ��

,.ÖAØÐØÙÖ�ÔËÒ ÑÐÍrÖHÎÐÑÓÒ éW×S�zÒÕÖH×¯Ø�ÍËÎÐé�*¸ç�* � Ö���ÖA×�Ø|ÔËÖ � ç��IÏAØÓðËézÔËÖ�Ö��IÍ � é Þ�ÏHÖ���� � Íré�Û·Î �IÖHÑÐÛËÎÓÖAÎ
τ/}ØÓÎÙç ��ÖAÎÓÑ � ç�ÔËÏHÍrÖA×ËÔ¸çW×ËîAÖ�ÔËÖ � � çW×>
 � Ö.ÔËÖ îAé�×�ØÙçWîAØ6ÔËÖAÑ%
�éWÛ·ØÓØÓÖHÑR�zÒ Ñ#� /)� �zÒÕÑëÔ·Ö � ÖHÛ·ÎëØÙçWÒ �	� Ö.ÑÓÖ � é�×

� � Ï���Û¸çèØÓÒ é�×nÔËÖ �âéWÛË×>
K�IézÔËÒHM¸ÏHÖ��=,.é����IÖ � � ð·ÏAØÙÏAÎÓé�
�ÏH×ËÏAÒÕØÓÏ��rÎÓÛ�
�é�ÑÓÒ ØÙÏ��rÏ � çWÑÐØÓÒ îAÒÕØÙÏ ÖAØ�ÎÓÏHçWîAØÓÒH�
�8Ò ØÙÏÝÔËÛGÑÐé � ÒÕÔËÖÝç�G¹ÖHî�ØÙÖH×¯Ø0Ô·ÎÙçWÑ ØÙÒ���ÛËÖ��IÖH×�Ø � çK�IÖHÑÐÛËÎÓÖ=ÔËÖ

θ,
îAÖHÑÚÍËçWÎÙç���ñ�ØÙÎÓÖAÑ Ô·é�Ò	��ÖA×�Ø �AØÓÎÓÖ

îHé�×¯ØÙÎ 
 � ÏAÑÚÖ��8ÍrÏHÎÐÒ��IÖH×�ØÙç � Ö��IÖH×�Ø0çN��ÖHî�ÍËÎÓÏAîHÒÕÑÓÒ éW×�î»çèÎáçèÛ·ØÙÎÐÖ��IÖH×�Ø0Ò � ÑïÎÓÒ Ñ9��ÛËÖH×¯ØáÔËÖ���çWÑ���ÛËÖAÎ
� ÖHÑ "¬çWÒ	* � ÖAÑ Ö�G%Ö�ØÙÑ�Ô·Ö � Ò�
W×ËÖ��

.dç � ðËÖHÛ·ÎÓÖHÛ·ÑÓÖ��IÖA×�ØN� ÜÐÛËÑ���Û�� /ÝÍËÎÓÏAÑÓÖH×¯ØN� � ÖAÑ�ÍËÎÐé�ÍËÎÐÒ ÏAØÓÏHÑ�ÍËð¯ÞzÑÓÒÕîHé�� î ðËÒ	�IÒ���ÛËÖHÑ.ÔËÖAÑ ÑÓÛËÎ#"¬çWîHÖAÑ
Û·ØÙÒ � ÒÕÑÐÏHÖHÑ«çWÛáîHéWÛËÎÓÑàÔËÖAÑàÖ��8ÍrÏHÎÐÒ ÖH×·îHÖAÑÁé�×¯ØàÎÙçWÎÐÖ��IÖH×¯ØàÍËÛ?�AØÙÎÐÖ.îHçWÎÙçWî�ØÙÏAÎÓÒ ÑÐÏHÖAÑ���,.Ö � ç�Ö��8Í � Ò���ÛËÖ � ç
ÔËÒ ÑÐÍrÖHÎÓÑÐÒ é�×
ÔËÖHÑ<�èç � ÖHÛ·ÎÓÑ ÔËÖ

τ
��ÖAÑÓÛËÎÐÏHÖAÑ�� �zÖHÛ � Ö Û·×ËÖÚçWÍ·ÍËÎÓézî ðËÖ ÖT�·ÍrÏAÎÓÒ	��ÖA×�Ø ç � Ö}Í � Û·Ñ ÎÓÒ	
�é�Û�



��� � � � �X$5��� ����$ 
\�5�V$*���<�X� � � � �
τ

���

ÎÓÖHÛ·ÑÓÖ|ÖAØ´ÑÐÞzÑÐØÓÏ���çèØÙÒ	�zÛ·Ö|ÍréWÛËÎÓÎÓçWÒÕØ¢ÍrÖAÎ��IÖAØÓØÓÎÓÖâÔ=� Ï � ÛËîAÒ ÔËÖAÎ � ç ÎÓÏHÖ ��� Ö6Ò	��ÍréWÎÐØ çè×ËîHÖÁÔËÖ � ç ØÓÖH×ËÑÐÒ é�×
ÔËÖ � Ò	
�×ËÖ ÔËçW×ËÑ � ÖAÑâÍ·ðËÏH×Ëé���ñA×ËÖHÑ|ÔËÖI�Ié�ÛËÒ �	� ç�
�Ö�×¸çW×·é���Ï�ØÙÎÐÒ���ÛËÖ�� ��Ö�Í � ÛËÑ���Û·×ËÖ�îAé��IÍ¸çWÎÓçWÒ ÑÐé�×
�zÛËçW×�ØÓÒÕØ çäØÙÒ	�WÖÝç ��ÖAî � ç�ØÙðËÏAé�ÎÓÒÕÖ ÖHÑÐØ ÑÓÖAÛ � Ö���ÖA×�Ø Íré�ÑÐÑÓÒ	* � Ö ÑÓÒ � � éW×[îHé�×Ë×Ëç�P Ø çN��ÖHîÝÍËÎÓÏAîHÒ ÑÐÒ é�× � Ö
Ø4ÞzÍrÖ�Ô�� Ò ×¯ØÙÖHÎÓçWîAØÓÒ é�×·Ñ�/ � é�×�
�ÛËÖ=Íré�ÎÐØÓÏHÖIî»çWÎÓçWîAØÓÏHÎÓÒÕÑÐØÓÒ���ÛËÖHÑÚÔËÛ�ÑÐÞzÑÐØÓñ��IÖ$ÖA× ��ÛËÖHÑ ØÙÒ éW×�� ,�� ÖHÑ Ø
Ô¸çW×ËÑ îAÖAØÐØÙÖ=é�Í·ØÓÒ���ÛËÖ���ÛËÖ=×Ëé�ÛËÑÚçN��é�×ËÑ Ô·Ï�*ËÛ·ØÓÏIîAÖÝØÙÎÙçN�èçWÒ � ç�MË×GÔ�� ÏAØÙç�* � ÒÕÎ � � Ò	�IÍré�Î Ø çè×ËîHÖ Ö�" �
"�ÖHîAØÓÒ	��Ö ÔËÖ � ç ØÓÖH×ËÑÐÒ é�×qÔ·Ö � Ò�
�×·Ö}Ô¸çW×ËÑ � ÖHÑDÍ·ðËÏH×Ëé���ñA×ËÖHÑ�ÔËÖ �Ié�ÛËÒ �H� ç�
�Ö}×ËçW×Ëé��IÏAØÓÎÓÒ���ÛËÖ��

')(�� � � � 
.BC� + ? 
 � -0> 
H-��C?A@�B
	 �
	
τ

� ×$ÔËÏAÍËÒÕØâÔËÖ�ÑÓé�×�Ò��IÍré�Î Ø çW×ËîAÖB�IÒ ×·ÖHÛËÎÐÖDîHé��IÍ¸çWÎÐÏHÖ!/ � çïØÓÖH×ËÑÐÒ é�×�Ô·Ö�ÑÐÛËÎ9"¬çWîAÖ�� � çïØÓÖH×ËÑÐÒ é�×
ÔËÖ � Ò	
�×ËÖ|ÜÐé�ÛËÖÚÛË×dÎ 
 � Ö Ò��IÍré�ÎÐØÙçW×�ØDÔËçW×ËÑ�ÛË×ËÖ 
WÎÙçW×ËÔ·Ö��èçèÎÓÒ Ï�ØÙÏÚÔËÖ0Í·ðËÏH×Ëé���ñA×ËÖHÑ�Í·ð�ÞzÑÓÒ	�zÛ·ÖHÑ��
ÔËÖ � çq×zÛËî � Ï»çäØÙÒÕé�×�ðËÏAØÓÏHÎÓé�
�ñH×·Ö � �>� �'� � � / � ç3"�é�Î9�$çèØÓÒÕé�×GÔËÖAÑ?M � �IÑÚ×Ëé�ÒÕÎÓÑ0Ö�Ø Ô·ÖHÑ?��éWÛËÑÓÑÐÖHÑ��
/ � ÛËÑ�ÎÓÏAîHÖ����IÖH×¯Ø � ÖÚîHé���Íré�Î ØÙÖ��IÖA×�Ø�ÑÓÒÕ×>
�Û � Ò ÖAÎDÔËÖ

τ
ÍËÎÓñAÑ�Ô�� ÛË×ËÖ0ØÙÎÓçW×ËÑÓÒ ØÙÒÕé�×qÔËÖ?�Ié�ÛËÒ �	� ç�
�Ö

ç�*rÖHçWÛËîHéWÛËÍnÒ ×¯ØÙÏHÎÐÖHÑÐÑÓÏ � ÖAÑ ØÓðËÏHéWÎÓÒ îAÒ ÖA×ËÑ � �>� � �8� �!� � ���� ����� � � � �
;�éWÛËÑ?�Ié�×¯ØÙÎÓéW×ËÑÚÒ îAÒ6ÛË×ËÖpçèÍËÍËÎÓézî ðËÖ$çWÛ(î»ç � îAÛ � Ô·Ö � çCØÙÖA×ËÑÓÒÕé�×(ÔËÖ � Ò�
�×ËÖ=ÑÐÖ � é�× � ÖAÑ �IÏ��

ØÙðËézÔËÖAÑÚÔ·Ö � çK�IÏHî»çè×ËÒ���ÛËÖÝÑÐØÙçèØÙÒÕÑÐØÙÒ	��ÛËÖ � � �� � � � �C,.é��:��Ö ×Ëé�ÛËÑ � Ö+��ÖAÎÓÎÓéW×ËÑ�� � � ç �äçW×�ØÙç�
�Ö ÔËÖ
îHÖCØÓÎÙçWÒ ØÙÖ���ÖA×�ØÝÖHÑ Ø���Û�� Ò � Ò ×Ëî � ÛËÖpÖH×�Í·ÎÓÖ��IÒÕñHÎÓÖCçWÍ·ÍËÎÓéN�·Ò	�$çäØÙÒÕéW× � ÖAÑ=ÎÓÏAÑÓÛ � Ø çèØÓÑ=ÔËÖ
ØÙðËÏAé�ÎÐÒ ÖHÑ
ÍËðËÏH×·é���ÏA×Ëé � é�
�Ò	�zÛ·Ö}Í � ÛËÑ ÑÐÒ��IÍ � ÖAÑ�� $ Ö îHç � îHÛ � ÖHÑ ØI*¸çWÑÐÏ ÑÐÛËÎ � ç �������	� ��
$��
 ���!2 � �!��� ��� � �!
����&

��
���� ��
�� �������62 ��0 �I5 ����� � ��ÛËÒâîHé�×·ÑÓÒ Ñ ØÙÖS/qÏHîAÎÓÒ ÎÐÖ � Ö:
�ÎÙçè×ËÔ(ÍréèØÙÖH×¯ØÙÒÕÖ �

Ω
ÔËÛ(ÑÐÞzÑÐØÓñ��IÖ$ÖH×

�zÛ·ÖHÑÐØÓÒ é�×qîAé����IÖïÛ·×ËÖ "�éW×ËîAØÓÒ é�×·×ËÖ �	� ÖïçèÍËÍËÎÓézî ðËÏAÖÚÔËÖ � ç ÔËÖH×·ÑÓÒÕØÓÏ � ézî»ç � Ö+Y

Ω = Ω (ρ (~r) , T, µ) .

$ çÝîHéW×ËÔËÒÕØÓÒ é�× Y
δΩ

δρ (~r)
= 0

ÍrÖHÎ��IÖAØ6ÔËÖDÔ·ÏAØÙÖAÎ��IÒ ×·ÖHÎ � çïÔ·ÖH×ËÑÐÒÕØÙÏDÔ·ÛIÑÐÞzÑÐØÓñ��IÖ
ρ̂ (~r)

Ö�ØâÑÐé�×IÍréWØÙÖA×�ØÓÒ Ö �
Ω̂ = Ω (ρ̂ (~r) , T, µ)/ � � Ï��zÛ·Ò � Ò	*·ÎÓÖ��

� Í·Í � Ò	�zÛ·é�×ËÑ�îHÖHÑpîAé�×ËîHÖAÍ·ØÙÑ
çWÛYÑÐÞzÑÐØÓñ��IÖwÑÓî ðËÏ���çèØÓÒ ÑÓÏ M@
�� � ����ç�� $ ç(ÍËðËçWÑÓÖwÑÐé � ÒÕÔËÖnÖAÑÐØ
ÑÓÛËÍËÍréWÑÓÏHÖ}î ðËÒ	�IÒ���ÛËÖ��IÖH×¯Ø|Í � çW×ËÖ�ÖAØ.ðËé��Ié�
�ñA×ËÖ�ÖAØ � ÖHÑ Ø � ÖI��é � Û>�IÖ�ÔËÛpÔ·Ö��IÒH��ÖAÑÓÍ¸çèîHÖ�Ò ×�MË×ËÒ
ézîHîHÛ·ÍrÏ=Í¸çWÎ � ÖHÑ}ÍËð¸çWÑÐÖHÑ
¸Û·Ò ÔËÖAÑ����}×�ÍrÖAÛ·ØÚçWÍËÍ·ÎÓézî ðËÖHÎ � Ö+
�ÎÙçè×ËÔ[ÍréWØÙÖA×�ØÙÒÕÖ � ÔËÖ îHÖÝÑÐÞzÑÐØÓñ��IÖ
ÑÓÖ � é�× � ç+"�éW×ËîAØÓÒ é�×Ë×·Ö ��� Ö+Y

Ω (ρ (~r) , T, µ) =

∫

V

fHS (ρ (~r) , T ) d
3r+

+
1

2

∫

V

d3r

∫

V

w̃ (|~r − ~r′|) ρ (~r) ρ (~r′) d3r′+

+

∫

V

[ρsV (z)− µ] ρ (~r) d3r
2 � � �5



��� � � � �X$5��� ����$ 
\�5�V$*���<�X� � � � �
τ

���

$ Ö=Í·ÎÓÖ��IÒ ÖAÎ}ØÓÖHÎ��IÖÝÒ ×¯ØÙÏ�
WÎÙç � ØÙÒÕÖH×�Ø îAé��IÍ·ØÙÖÝÔËÖHÑÚÒÕ×�ØÓÖHÎÙçèîAØÓÒ é�×ËÑ}ÎÓÏAÍËÛ � ÑÐÒ	��ÖAÑ��*ÔËÖÝØ4ÞzÍrÖIÑÐÍËðËñAÎÓÖ
ÔËÛËÎÓÖ��6ÖH×¯ØÙÎÓÖ � ÖAÑ=Í¸çWÎÐØÓÒ îAÛ � ÖAÑ=îHé���Íré�ÑÓçW×�Ø � ÖHÑ 
¸ÛËÒ Ô·ÖHÑ�� $ ÖCÔËÖHÛ�8ÒÕñ��IÖCØÙÖAÎ��IÖCØÓÒ ÖA×�ØIîAé��IÍ·ØÙÖ
ÔËÖHÑ1"�é�ÎÐîHÖHÑdçäØÓØÙÎÓçWîAØÓÒ	��ÖAÑ / � é�×�
�ÛËÖ�Í¹éWÎÐØÙÏAÖ 
¸Û·Ò ÔËÖT��
¸ÛËÒÕÔËÖ�ÎÓÖHÍ·ÎÓÏHÑÐÖH×¯ØÙÏHÖHÑwÍËçWÎqÛË×�ÍréWØÓÖH×¯ØÙÒÕÖ �
w̃ (|~r − ~r′|) � $ ÖDÔËÖHÎÐ×ËÒ ÖAÎ6ÖHÑÐØ � � ÏA×ËÖHÎ9
�Ò Ö Ô�� Ò ×¯ØÙÖAÎÙçWî�ØÙÒÕé�×=ÔËÛ 
¸Û·Ò ÔËÖ�çN��ÖHî � çïÍ¸çèÎÓé�ÒËÑÓé � Ò ÔËÖ Í � çW×ËÖ��
ðËé��Ié�
�ñA×ËÖïÖAØ�ÔËÖ ÔËÖA×ËÑÓÒ ØÙÏ

ρs

ÑÐÖ � é�×qÛ·×nÍréèØÙÖH×¯ØÙÒÕÖ �
V

�zÛ·Ò¢Ô·ÏHÍrÖH×·ÔdÔËÖ � çÝÑÐÖHÛ � Ö ÔËÒ Ñ Ø çW×ËîAÖ
z
/

� çIÍ¸çèÎÓé�Ò �
V (z)

ÖAØ
w̃ (|~r − ~r′|) é�×¯Ø � ç�"�éWÎ��IÖÚÔ�� Û·×ËÖáÑÓé��:��ÖÚÍËçWÎ�Í¸çWÒÕÎÓÖHÑ�ÔËÖáÍréWØÓÖH×¯ØÙÒ Ö � Ñ�ÔËÖ

Ø4ÞzÍrÖ $ ÖH×·×¸çWÎÓÔ8� � é�×ËÖAÑ+2¬ÖA×�ØÙÎÐÖ � ÖHÑ�Í¸çèÎÐØÙÒÕîHÛ � ÖHÑDÔËÖ 
¸ÛËÒÕÔËÖÚÖAØ � Ö ÑÓé � Ò ÔËÖïÖAØ�ÖH×¯ØÙÎÓÖÚÍ¸çWÎÐØÓÒ îAÛ � ÖAÑDÔËÖ

¸ÛËÒ Ô·Ö ÎÓÖAÑÓÍrÖAîAØÙÒH��Ö��IÖH×¯ØT5 Y

w̃(r) =







∑

i,j 4ε

[

(

σ
rij

)12

−
(

σ
rij

)6
]

(rij ≥ σ) ;

0 (rij < σ) .

;�éWÛËÑÝÑÓÛËÍ·Íré�ÑÓé�×·ÑIÔ·é�×Ëî ��ÛËÖ � ÖAÑ+"�éWÎÓîHÖAÑ�/ � é�×>
WÛËÖpÍré�Î ØÙÏAÖ
ÑÓé�×¯Ø=ÔËÖ
×ËçèØÙÛËÎÐÖ
ÖT�·î � Û·ÑÓÒ	��ÖT�
��ÖA×�Ø�ÔËÒÕÑÓÍrÖHÎÐÑÓÒ	�WÖ�� � ×CÔ·ÏHÍËÒ Ø Ô·ÖïÑÐé�×CçWÍËÍ¸çèÎÓÖA×�ØÙÖ}ÑÐÒ��IÍ � Ò îHÒ ØÙÏ��zÛ·×ËÖE��ÒÕ×ËÒ	�IÒ ÑÙçèØÓÒÕé�×�×zÛ>�IÏAÎÓÒ���ÛËÖ
ÔËÖ � � ÖT�8ÍËÎÓÖAÑÓÑÓÒÕé�×72 � � �5|×·ÏHîHÖAÑÓÑÓÒ ØÙÖïÔËÖHÑ ÎÓÖAÑÓÑÐé�ÛËÎÓîAÖHÑDîHé�×·ÑÓÒ Ô·ÏHÎÙç�* � ÖAÑ Ö�Ø Íré�ÛËÎ�îHÖ�ØÓØÓÖïÎÙçWÒÕÑÓé�×pé�×Cç

�ÏH×ËÏAÎÙç � Ö��IÖH×¯ØDÎÓÖHîAé�ÛËÎÐÑ!/=Ô·ÖHÑ�çWÍ·ÍËÎÓéN�·Ò	�$çäØÙÒÕéW×ËÑ�ÑÓÛËÎ � ç+"�é�Î9��Ö}ÔËÖ

ρ (~r)
��,.é��:�IÖïé�×qÑ�� ÒÕ×�ØÓÏ��

ÎÓÖHÑÐÑÓÖ�ÍËÎÓÒÕ×ËîHÒÕÍ¸ç � Ö��IÖA×�Ø�/
ØÙÎÐé�Û���ÖHÎ � çCÍré�ÑÐÒÕØÓÒ é�×�Ô�� Ï���ÛËÒ � Ò	*ËÎÓÖÝÔËÖ � � Ò ×¯ØÙÖHÎ#"¬çWîHÖ � Ò���ÛËÒ Ô·Ö�� �äçWÍrÖHÛ·Î��
×Ëé�ÛËÑàÍré�Û���é�×ËÑëÑÐÛËÍËÍré�ÑÐÖHÎ4��ÛËÖ � ç�ÔËÖA×ËÑÓÒ ØÙÏ�Í·ÎÓÖH×·ÔÝÑÓÖHÛ � Ö��IÖA×�Ø � ÖAÑA�èç � ÖHÛËÎÐÑ

ρ = ρl,g

îAé�ÎÓÎÐÖHÑÓÍréW×�
Ô¸çW×�Ø�çWÛ�CÍ·ð¸çWÑÓÖAÑ!��çWÑÓÑÐÒ���ÛËÖAÑ�Ö�ØI�zÛ=� Ö ��� Ö ÖAÑÐØ�ÔËÒ ÑÐîHé�×¯ØÙÒ ×�ÛËÖ çWÛ3��é�ÒÕÑÓÒ ×Ëç�
�Ö}ÔËÖÚîAÖAØÐØÙÖÚÒÕ×�ØÙÖAÎ9"¬çèîHÖ
2O��é�ÒÕÎ M@
>� � ����* 5��@,.é��:��Ö���*ËÒÕÖH×CÖA×�ØÓÖH×ËÔËÛ=�

ρ
ÔËé�Ò Ø�ØÙÖA×ËÔËÎÐÖ ��ÖHÎÐÑ �AÏHÎÐé�/ÝÍ·ÎÓéN�·Ò	��Ò ØÙÏ�ÔËÖ � ç Í¸ç(�

ÎÓé�Ò«é�×�ÒÕ×�ØÓÎÓézÔËÛËÒ Ø�ÛË×ËÖÝÔËÖAÛ�8Ò ñ���Ö ÑÓÛËÎ#"¬çWîHÖÝÔËÖ ÔËÒ ÑÐîHé�×¯ØÙÒÕ×zÛËÒ ØÙÏ?��ÛËÒëîAé�ÎÓÎÐÖHÑÐÍré�×ËÔ7/ � � ÒÕ×�ØÓÖHÎ9"¬çèîHÖ
ÑÓé � Ò ÔËÖT��
¸ÛËÒÕÔËÖ+Y

ρ (x, z < dw) = 0,

é�� � ç�ÔËÒÕÑÐØ çè×ËîHÖ
dw

ÔËÏHîAÎÓÒÕØ � Ö ��é � Û>�IÖCÖT�8î � Û�Ô�� / � ç�ÍËçWÎÐØÓÒ ÖCÎÐÏHÍËÛ � ÑÓÒH��ÖqÔËÖ � � ÒÕ×�ØÙÖAÎÙçWî�ØÙÒÕé�×

¸ÛËÒ Ô·Ö���ÑÐé � ÒÕÔËÖ:2OM>
>� � ����ç�� * 5�� �.ÒÕÖH× ��ÛËÖ0îHÖ�ØÓØÓÖ0ÑÓÒ��IÍ � ÒHM¸îHçèØÙÒÕéW×CÍËÛËÒÕÑÓÑÓÖÚÍ¸çWÎÙç)P ØÙÎÐÖ 
�ÎÐé�ÑÓÑÐÒ ñHÎÐÖÚÖ �	� Ö
ÍrÖHÎ��IÖAØ ÔËÖ
ÔËÏAîHÎÐÒ ÎÓÖ
çèÑÓÑÓÖ �3*ËÒÕÖH× � ÖHÑáÍËÎÓé�Í·ÎÓÒ Ï�ØÙÏAÑ ÔËÖ �Ié�ÛËÒ �	� ç�
�Ö�Ô·ÖKM � ��Ñ0ðËé��Ié�
�ñA×ËÖHÑ � � � � �
/ çWÎ�îHé�×¯ØÙÎÐÖ��¹îHÖ+�IézÔËñ � Ö0×ËÖáØÓÒ ÖA×�Ø�Í¸çWÑ�îHé��IÍ·ØÙÖ0ÔËÖ � � ç �	� ÛËÎÐÖÚé�ÑÓîAÒ ��� çW×¯ØÙÖÚÔËÖAÑ�"�é�ÎÓîAÖHÑ /$îAé�ÛËÎÐØÓÖ
Íré�ÎÐØÓÏHÖ!/ ÍËÎÓéN�·Ò	��Ò ØÓÏ ÔËÖ � ç ÍËçWÎÓé�Ò � �8é�Û·Ñ|îAÖHÑ|îAé�×ËÔËÒ ØÙÒÕé�×ËÑ � ÖB
WÎÙçW×ËÔIÍréWØÓÖH×�ØÓÒ Ö � ÑÐÖ�ÎÐÏHÔËÛ·ÒÕØL/ ÛË×ËÖ
"�é�×ËîAØÓÒ é�×·×ËÖ �	� Ö�ÔËÖ

l(x)
ð¸çWÛ·ØÓÖHÛËÎDÔËÖ � � ÒÕ×�ØÙÖAÎ9"¬çWîAÖ � � �
çWÛqÍré�ÒÕ×�Ø

x
2 ��é�Ò Î M@
>� � ���Wç 5��

,.ÖAØÐØÙÖ?��ézÔËÏ � ÒÕÑÙçäØÙÒÕéW×dç�ÛË×[çWÛ·ØÓÎÓÖ çN�èçW×¯Ø ç�
WÖáÍËÎÓçèØÙÒ	�zÛ·ÖSYrÖ �	� ÖÚÍrÖHÎ9��Ö�Ø}Ô�� ÏHîAÎÓÒÕÎÓÖ � � ÏA×ËÖHÎ9
�Ò Ö
ÔËÛYÑ Þ8Ñ ØÙñ���ÖdîHé��:�IÖqÛË×ËÖdÑÓé����IÖqÔËÖAÑpîAé�×�ØÓÎÓÒ	*ËÛ·ØÙÒÕé�×ËÑ���é � Û>�IÒ���ÛËÖAÑ��6ÑÓÛËÍrÖAÎ9M¸îAÒ Ö ��� ÖHÑ�ÖAØ$ÔËÖ
� Ò�
W×ËÖ�� / éWÛËÎ � ÖHÑ6ÔËÏAØÙçWÒ � Ñ6ÔËÛ�î»ç � îHÛ � ×ËéWÛËÑ|ÎÐÖH×X��é¤Þ�é�×ËÑ � Ö � ÖAîAØÓÖHÛËÎ|çWÛ8�IÎÓÏ�"�ÏAÎÓÖA×ËîHÖAÑ� � �� � � � � �}×
ÍrÖHÛ·Ø ÏAîHÎÐÒ ÎÐÖ � çqÔËÖA×ËÑÓÒ ØÙÏ�Ô�� ÏA×ËÖHÎ9
�Ò Ö�ÔËÖ�ÑÓÛËÎ#"¬çWîHÖ$Ô·ÛÅÑÐÞzÑ ØÙñ��IÖK/ � çqîAézÖ��8Ò Ñ ØÙÖA×ËîHÖpÔËÖAÑáÍËð¸çWÑÐÖHÑ
îHé��:�IÖ�Y

Ωs (l, T, µ) = γsl + γ + ω (l) .
2 � ��� 5



��� � � � �X$5��� ����$ 
\�5�V$*���<�X� � � � �
τ

� �

l0

l(x)

x
0

vapeur

liquide

solide

dw

r
rl

rg

a b

q

z

�������	��
�������������������� "!"#$��%�&'�(&*)'+,%-#/."01!�23�(&�)�465��879�;:<�=:>)<?(%@�A&* B)C��:D�3EF5G%H."+,)I%
)I%/JK%�)L79�M:>)�465G)�79�N7	O �(%9?(:D�N79�P."+,%�&'�9.�&;23�9.� Q+$#$."+"��)�465��

θ
."+$�SRT)D#�&��N�(U(�".M59%

JK:>2V2;)'.� "+$#$."+"��)�465��W7	OX!��Y�()D#"#$��59 
l0 Z\[ �^]/+, B2��_79� l

79!�����%�7,#W79�"#_79!�&`�()I:C#_79�"#
]/+, Q.B�"#^7()D#����� Q#�)IU(�"# Z ��ab� [ O ���c�� Q+dRT)I23�(&*)'+,%e79��&*f"���_gD#"0Y�( `�eh,)I%YhGij#�5G �:<�F]/+, B2��79�

ρ (x, z) Z

ω (l) kml�n ��+,&���%�&�)'��:\79�o#�59 I]d�9."�A�qpo�".�&�) ] kYn6rSs�l'tvu6wmndxzyT{�nowmu6|dn6rzrz}({DxSn_~��(�mx�}(�3{Dwm|d{Dx��mw��mlD���mn
lD{D���m{��mno��}(rzrS{D���mn�xzn6|d�T�Y�9xQ}�w�s�l�n�rz�(lD{D�Yn��S�mrS�9�@tC�3�Ywmn_ud~�}({�rzrznd�mx��mwm{Dn�nds^�mwY{��q�TxS��n l �

ω (l) = (ρl − ρg)

(

ρl

∫ ∞

l−dw

t (z) dz − ρl

∫ ∞

l

V (z)

)

=
4
∑

i=2

ai

li
, (lÀ dw). �b�(���$�T�

� }(wmr�|6n�szsQnon��G~mxSn6rSrz{D�Tw t (z) ndrSs�rz{���~YlDn6�3ndw�s�l'tvu6wmndxzyT{�n��@t�{�w�sQndxQ}(|�sQ{��Tw���t��Ywmn�~m}(xSsz{D|6�YlDn��mn� �m{D�Yn�}$�Tnd|��mwA�mnd��{���n6rS~�}(|dn � �m{��mn �Y{DrSsQ}(w�sj�mn z � a2 xznd~mxzudrzndw�sQn�lD}�|d�TwmrSsQ}(w�szn��mn�¡�}���}�¢(n6x
�m�MrS£9rSsQ¤d��nL�,}(~�n6�mx���l�{D���m{D�Yn���rS�Tl�{��mn���¥�wYn;}(l�lD�YxznWs�£G~Y{D���mnL�mn ω (l) ndrSs�xSn6~mxSu6rSn6w�szu6n;rz�mx�l¦}
��ym���T��§Y�¨ }(x_�m{�©ªu6xSn6w�sz{¦},sQ{��Tw«�mnM���T�C¬T���TwP�T�T{<s����t�{�lFnB�G{DrSszn��Ywmn�ud~�}({DrSrznd�mx l0 �3{Dwm{��8{�rQ}�w�s Ωs

��nds ω (l) �
dΩs

dl
=

dω

dl

∣

∣

∣

∣

l=l0

= 0 k d2ω

dl2

∣

∣

∣

∣

l=l0

> 0 �b�T�<�T�$�
® nW�3{DwY{��A�m�¯w�tvn6rbs�xz{�n6w���t�}(�YsQxSnW�9�Yn_l¦}LsQndwmrz{��Tw=�mnWrz�YxS��}(|dn_rz�(lD{��mn��'��}(~�n6�Yx��

Ωs (l0) = γsl + γ + ω (l0) = γsv.

� n_|6n�szsznW��}(°6�(w ω (l0) = S kmlDn�~�}(xz}(��¤�sQxSnW�@t�u�s"}(l�n6�3n6wcs/� l0 �Y�Gn_lD};|6�TwY�m{�sz{D�Tw�}(�G��l�{D�8{<sQndr
~��T�mx l(x) :

lim
x→−∞

l(x) = l0, �b�T�<��±T�



��� � � � �X$5��� ����$ 
\�5�V$*���<�X� � � � �
τ

���

�������	��
 ����� ����:I:>5G Q� 7(5M��+,&���%�&�)'��:
ω (l)

��+,59 59%@��#$!� �)'�=7	O �(:D.z�(%@�"#3#�5G 59%@�
#�5G I]d�9."�o#�)I:<�(%�)D#$!"� Z

nds�xSn6~mxSu6rSn6wcsQnWl*t�ud~�}({�rzrznd�mx �m�e��l�� n6w u6���m{�lD{��mxzn�}/�Tn6|o�mw |d�T{�welD{��9�Y{D�mn^��t�}(wmyTl�n��mn�|6�Twcs"}(|�s
��}(|dxz�TrS|6�(~m{D���mn θ rQ}�sz{DrS��}�{DrQ}�w�s�lD};xzndl¦},sQ{D�(w ��t	�F�T�mwYy �

cos θ = 1 +
ω (l0)

γ
.

® };�mnd�G�G{D¤6�3nW|d�Twm�m{<sQ{D�(w=}��G��l�{D�3{�sQndr�~��(�mx l n6rSsL�q�T�({Dx���yY� �T��
T}T���
lim
x→∞

l(x) = l0 + x tan θ, ���T����
c�
�m�Twm| l(x) };l¦}A��d��n�}(lDl��mxzno}(rS£9�3~YsQ�(sz{D���mn��9�Yn_l¦}L�q�Twm|�sQ{D�(w

a (x) = Θ (−x) l0 + (l0 + x tan θ)Θ (x)

�9�Yn�wm�T�mr }$�T�(wmr xSn6~mxSu6rzndw�szuon6w�szxQ}({<sF~��T{DwcsQ{�l�l�u��m}(wmr�l¦}W�mym���T��
T}������ Θ n6rbs�l¦}��q�Twm|�sQ{D�(w��mn
¡�n/}/�9{DrS{D�mn/���� ��sQ�Twmro���mn;l�n6r�|6�Twm�Y{�sQ{��TwmrA�b�T�<�T���^rS�Tw�s�ud���m{���}�lDndw�sQndrW�e|dn6l�lDndro�mn � n6xI�z}(yT�m{�wM��}�{DrQ}�w�s
{Dw�szn6xb�Tn6wm{�x�l¦}Awm�(sz{D�Tw �mn �ª Q�"#"#�)'+,%N79�7T)D#��/+�%ª.�&*)'+,% ��tv�mw=��l��V�3{Dwm|dn Π(l) ��
���� �

dω

dl

∣

∣

∣

∣

l=l0

= −Π(l0) = Pg − Pl = 0 k dΠ

dl

∣

∣

∣

∣

l=l0

< 0.



��� � � � �X$5��� ����$ 
\�5�V$*���<�X� � � � �
τ

��&

$ ç "�é�Î��IÖnÔËÖ
l(x)

/ � � Ï��zÛ·Ò � Ò�*·ÎÓÖ1�IÒ ×ËÒ	�IÒ ÑÓÖ � ç�ÔËÖA×ËÑÓÒ ØÙÏdÔ�� ÏA×ËÖHÎ9
�Ò ÖdÔËÖ � Ò�
W×ËÖqÔËÛ ÑÐÞzÑ ØÙñ��IÖ
Ωl (l (x))

î�� ÖAÑÐØ�/ÝÔËÒ ÎÐÖ�Y

δΩl (l (x))

δl (x)
= 0 =⇒ 2 � � � � 5

=⇒ dω

dl
= − (∆ρ)2

∫ ∞

−∞

dy′
∫ ∞

−∞

dx′

∫ l(x′)−l(x)

0

w

[

√

(x− x′)2 + z′2
]

dz
2 � � ��� 5

�zÛ·Ò´ÎÓÖAÍËÎÓÏAÑÓÖH×¯ØÙÖáÛË×ËÖ0Ï��zÛËçèØÙÒÕé�×nÒ ×¯ØÙÏ�
WÎÙç � Ö��Ë×Ëé�× � ÒÕ×ËÏ»çWÒÕÎÐÖïÖAØ�×·é�× � ézî»ç � Ö ÖA×
l (x)

� � ��� � � � ÔËÖ
ÑÓé � Û·ØÙÒÕé�×

l̄ (x)
� $ Ö �IÒÕ×ËÒ	� Û>��ÔËÖ

Ωl

ÖHÑ Ø � ç ØÓÖH×ËÑÐÒ é�×qÔ·Ö � Ò�
W×ËÖ+Y

τ = Ωl

(

l̄ (x)
)

= τ̃ (θ) + τa (l0, θ) + τω
(

l̄ (x)
)

+ τi
(

l̄ (x)
)

.

�8Ò � � é�×CÖ��8Í � Ò îAÒÕØÙÖ � ÖAÑDÔ·Ò	��ÖHÎÐÑÓÖAÑ�îAé�×¯ØÙÎÓÒ	*ËÛ·ØÙÒÕé�×ËÑEY

τ̃ (θ) = −8
9

ε

σ
(∆ρ)2 σ6

(

1− θ

tan θ

)

,
2 � � � � 5

ÖHÑÐØ � ç[ØÓÖH×ËÑÐÒ é�×�ÔËÖ � Ò	
�×ËÖCÔ�� ÛË×\îHéWÒ ×�ÔËÖ � Ò���ÛËÒ Ô·ÖCÔ�� çW×>
 � Ö
π + θ

ÖH×\îHéW×�Ø çèîAØpçN��ÖHî � ç �èç)�
ÍrÖHÛËÎ 2¬îAé�ÎÓÎÐÖHÑÓÍréW×ËÔ¸çW×¯Ø�/ � ç3M@
>� � ���dÔËçW×ËÑ � ç � Ò	�IÒ ØÓÖ

l0 → ∞
5�� ,.ÖAØÓØÓÖ$ØÙÖA×ËÑÓÒÕé�× �zÒÕÖH×¯Ø ÔËÖAÑ

Ò ×�ØÓÖHÎÓçWîAØÓÒ é�×·Ñ ÔËÒÕÑÓÍrÖHÎÐÑÓÒH��ÖHÑ � Ò���ÛËÒÕÔËÖ�� � Ò	��ÛËÒÕÔËÖ}ÔËçW×ËÑ � ÖïîAé�Ò ×=�

τa (l0, θ) =
1

tan θ

∫ ∞

l0

ω (l) dl
2 � � � %�5

ÖHÑ Ø � ç$ØÙÖA×ËÑÓÒÕé�×�ÔËÖ � Ò	
�×ËÖáÔ�� Û·×GîHé�ÒÕ× � Ò	�zÛ·Ò ÔËÖáÔ�� çW×>
 � Ö
θ
ÑÓÛËÎ � çpÑÓÛËÎ#"¬çWîHÖ=ÑÓé � ÒÕÔËÖ��%ÎÐÏHÑÓÛ � Ø çè×�ØÙÖ

ÔËÖHÑ�ÒÕ×�ØÓÖHÎÙçèîAØÙÒÕé�×ËÑ � éW×>
�ÛËÖïÍré�Î ØÙÏAÖ � Ò���ÛËÒÕÔËÖ�� ÑÓÛ>*·ÑÐØÙÎÓçèØN�

τω (l (x)) =

∫ ∞

−∞

[ω (l (x))− ω (a (x))] dx
2 � � �  5

ÖHÑÐØ � ç
îAé�ÎÓÎÐÖHî�ØÙÒ éW×�çWÛ�ØÓÖHÎ��IÖ
τa

Ô·ÛËÖ�çWÛ "¬çèÒÕØ ��ÛËÖ � ÖÝÍËÎÐé�M � ÎÐÏHÖ � ÔËÖ � � Ò ×¯ØÙÖHÎ#"¬çWîHÖ ÍËÎÓñAÑÚÔËÖ � ç
� Ò�
W×ËÖ�ØÙÎÐÒ Í � Ö}ÖHÑ Ø

l (x)
Í � Û·Ø 
WØB��ÛËÖ îHÖ � ÛËÒ]Ô�� Û·×nîHéWÒ ×CÍ¸çWÎ#"¬çWÒÕØ��

$ ÖCÔËÖAÎÓ×ËÒÕÖHÎ ØÙÖHÎ9��Ö
τi

ØÙÒ ÖA×�Ø=îAé��IÍ·ØÙÖ
ÔËÖ � � ÏH×·ÖHÎ�
WÒ Ö
×·ÏHîAÖHÑÓÑÙçèÒ ÎÓÖ1/�ÔËÏ�"�é�Î��IÖAÎ � çwÑÓÛËÎ#"¬çWîHÖ
� Ò���ÛËÒÕÔËÖT� �èçèÍ¹ÖAÛËÎ0ÍËÎÓñAÑÝÔËÛ *réWÎÓÔ�� �|Ò ÖH× ��Û�� Ò � Ñ�� ç�
WÒ ÑÓÑÐÖ
Ô=� ÛË×·Ö
îHé�×¯ØÙÎÐÒ�*ËÛ·ØÓÒ é�×(ÔËÖpÑÓÛËÎ#"¬çWîHÖpÖ �	� Ö
ÖHÑÐØ�ÍËÎÓé�ÍréWÎÐØÙÒÕé�×Ë×ËÖ ��� Ö / � ç � éW×>
�ÛËÖAÛËÎ ÔËÖ � ç � Ò	
�×ËÖ}ÖAØ�ÔËé�Ò ØB��ØÙÎÓÖ ×¸çèØÓÛËÎÓÖ ��� Ö���ÖA×�Ø Ò ×·î � Û·ÑÓÖ ÔËçW×ËÑ
Ωl

��,.Ö ØÙÖAÎ��IÖ Ò ×·î � Û8Ø�çWÛËÑÐÑÓÒ¢ÛË×·ÖÚîHé�ÎÐÎÓÖHî�ØÙÒÕé�× /
τ̃
ÔËÛËÖ0çWÛ3"¬çWÒ Ø<�zÛ·Ö � � ÒÕ×�ØÓÖHÎÙçèîAØÙÒÕéW×CÔ·Ò ÑÓÍrÖAÎÓÑÐÒ	��Ö

� Ò���ÛËÒÕÔËÖT� � ÒH��ÛËÒÕÔËÖ6ÖHÑ ØR��ézÔ·Ò	M¸ÏAÖâÍ¸çWÎ � ÖâÍËÎÐé�M � ÎÐÏHÖ � ��;�éWØÙéW×ËÑA��ÛËÖ � çDÑÓé��:��Ö
τω+τi

ÖHÑÐØ«ØÙé�ÛäÜÐéWÛËÎÓÑ
×ËÏ�
¯çäØÙÒ	�WÖ î»çèÎ � ÖïÑ ÞzÑÐØÙñ���Ö ØÓÖH×ËÔ /�*¸çèÒ ÑÓÑÐÖHÎDÑÐé�×qÏH×ËÖAÎ�
�ÒÕÖ � Ò	*ËÎÓÖ}ÖA×nÔ·Ï�"�é�Î9�$çW×¯Ø � ÖïÍËÎÓé�M � �



��� � � � �X$5��� ����$ 
\�5�V$*���<�X� � � � �
τ

� �

��çWÛ·ÖHÎ�Ö�Ø���ÒÕÖAØÓÎÓÒÕî ð � � � � é�×¯Ø!�Ié�×¯ØÙÎÓÏ ��ÛËÖ��zÛËçW×ËÔ � çÝîHéWÛËÎ�*ËÛ·ÎÓÖÚÔËÖ
l (x)

ÖHÑ Ø!"¬çèÒ�* � Ö�2¬Í¸çWÎ
Ö��8Ö��IÍ � Ö îHé��:�IÖïÑÐÛËÎ � ç+M>
>� � ����ç�5

τi
ÍËÎÐÖH×ËÔ � ç+"�éWÎ��IÖïÑÐÛËÒ	�èçè×�ØÙÖ�2�ÔËÒÕØÓÖ �&� �����&
(5�Y

τi = γ

∫ ∞

−∞

{

√

1 + l′2 (x)−
√

1 + a′2 (x)
}

dx,
2 � � � ��5

ÖAØ?2 � � � � 5.ÑÓÖ ÎÓÏAÔËÛËÒÕØI/ÝÛË×ËÖ Ï���Û¸çèØÓÒ é�×CÔËÒ	G¹ÏHÎÐÖH×¯ØÙÒ Ö ��� Ö�×Ëé�× � ÒÕ×ËÏ»çèÒÕÎÓÖ
dω

dl
= γ

l′′
√

(1 + l′2)3
.

2 � ����� 5

�8é�ÛËÑ¢îHÖAÑ«îAé�×ËÔËÒ ØÙÒÕé�×ËÑ
Ωl

ÖAÑÐØ«ÛË×·Ö%"�é�×Ëî�ØÙÒÕé�×Ë×ËÖ ��� Ö � ézîHç � ÖëÔ·Ö
l
Ö�Ø � ç ÑÐé � Û8ØÙÒ éW×

l̄ (x)
Ô·Û0ÍËÎÐé�* � ñ��IÖ

îHé � ×ËîHÒÕÔËÖ çN��ÖHî îAÖ �	� Ö0ÔËÛ6��ézÔËñ � ÖÚÍËðËÏH×·é���ÏA×Ëé � é�
�Ò	�zÛ·Ö0ÔËÖ�$�ÔËÏAÍ � çWîAÖ��IÖH×¯Ø}Ô=� ÒÕ×�ØÙÖAÎ9"¬çWîAÖ�' ��� � � �
$ ÖAÑE�èç � ÖHÛ·ÎÓÑ}ÔËÖ

τ
î»ç � îHÛ � ÏHÖAÑïÍËçWÎ � ÖAÑ}ÔËÖAÛ� ��Ï�ØÙðËézÔ·ÖHÑïÔ·Ò	G¹ñHÎÓÖA×�Øï×·Ï»çW×>�Ié�ÒÕ×ËÑ�Í¸çWÎ � ÖáØÓÖHÎ��IÖ

τ̃
�

�� ��� � ��{)y �Dy��S-�54y
;�éWÛËÑIç ��é�×·ÑIîHç � îAÛ � Ï

τ
Ô¸çW×ËÑ � � çWÍËÍ·ÎÓéN�·Ò	�$çäØÓÒÕé�× � ézîHç � Ö$Íré�ÛËÎ=Û·×�Ñ ÞzÑÐØÙñ���ÖqÎÐÏHÖ � �4/�ÑÓç)�

��é�Ò ÎáÛË×ËÖ 
�éWÛ·ØÓØÓÖ
Ô·Ö
ÔËézÔËÏAî»çW×ËÖ 2 ,
12
	
26

5?�Ié�ÛËÒ �	� çè×�ØáÛË×·ÖCÑÐÛËÎ9"¬çèîHÖ
ÑÓé � Ò Ô·Ö
çN��ÖHî
ÛË×içW×�
 � Ö
ÔËÖ îHé�×¯Ø çèîAØ�ÔËÖ ��%

◦
� �}×qÑÓÛËÍ·Íré�ÑÓÖ���ÛËÖ � ÖïÍréWØÓÖH×¯ØÙÒ Ö � Ö�G¹ÖHî�ØÙÒ	"«ÔËÏAÍ¹ÖA×ËÔnÔËÖHÑDÑÓÖAÛ � ÖAÑB"�é�ÎÐîHÖAÑ�Ô·Ò Ñ#�

ÍrÖHÎÓÑÐÒ	��ÖAÑ�ÖAØ!�zÛ=� Ò � ç�Ô·é�×Ëî0ÛË×ËÖáç ��� Û·ÎÓÖïÑÓÒ��IÒ � çWÒ ÎÓÖ /IîHÖ ��� ÖÚÔËÖ�M>
>� � ���>��;�éWÛËÑ�ÔËé�×Ë×·ÖHÎÓéW×ËÑ�Í � ÛËÑ
ÔËÖ Ô·ÏAØ çèÒ � Ñ�ÑÐÛËÎ}îAÖ îHç � îAÛ � Ô¸çW×ËÑ � çIÑÓÛËÒ ØÙÖ�� $ ÖáÍËÎÓé�M � / � � Ï���ÛËÒ � Ò	*ËÎÓÖÚÖAÑÐØïé�*·ØÙÖA×zÛwÍ¸çWÎ�ÑÐé � Û8ØÙÒ éW×
×zÛ>�IÏHÎÐÒ���ÛËÖ Ô·ÖS2 � ����� 5.Ö�Ø�ÖHÑ Ø�ÎÓÖAÍËÎÓÏAÑÓÖA×�ØÙÏ0ÑÐÛËÎ � ç?M@
>� � � � ç�� �}×CØÙÎÐé�Û���Ö�Y

τ̃ = −0, 243× 10−12N,

τa = −1, 407× 10−12N,

τω = 0, 608× 10−12N,

τi = −1, 285× 10−12N,

τ = τ̃ + τa + τω + τi = −2, 327× 10−12N.

/ é�ÛËÎL��ÒÕÖHÛ�IÑÓÖ�ÎÓÖA×ËÔËÎÓÖ�îHé���Í·ØÓÖ�Ô·Ö � � Ò	�IÍré�Î Ø çè×ËîHÖ�ÎÐÖ � çäØÙÒ	��Ö�ÔËÖAÑ�ÔËÒH��ÖHÎÓÑÐÖHÑ�îAé�×�ØÓÎÓÒ�*·Û·ØÙÒÕé�×ËÑ
×Ëé�ÛËÑ � ÖAÑïç ��éW×ËÑïÎÐÖHÍËÎÐÏHÑÓÖA×�ØÓÏHÖIÖA×�Íré�Û·ÎÓîHÖA×�ØÙç�
�ÖÝÑÐÛËÎ � ç�M@
�� � � � *���,.é��:��ÖáÖA× 
�ÏA×ËÏHÎÓç � Ö �	� ÖAÑ
ÑÓé�×¯ØqÔ·Ö�ÑÓÒ	
�×ËÖAÑCÔËÒHG%ÏAÎÓÖA×�ØÙÑ
×Ëé�Û·Ñqç ��éW×ËÑCîHéW×ËÑÓÒÕÔËÏHÎÐÏ � ÖAÛËÎ �IézÔËÛ � Ö |τn| Ö�ØqÍËçWÎ
ÔËÏ�MË×ËÒÕØÓÒ é�×
τtot =

∑

n |τn|
� / é�Û·Î

θ ¿ 1
é�×nç

τ̃ ≈ θ2ε/σ
2��X2 � ���X5.ÖAØ�îAÖ ØÙÖAÎ��IÖ ÔËÖ��zÒ ÖA×�Ø�×·Ï�
 � Ò�
�ÖHç�* � Ö��

� ×·ÑÓÛËÒ ØÙÖ � ç
ÑÓé��:�IÖ
τ̃ + τa

îHéW×�ØÙÎÐÒ�*ËÛ·Ö�/CÛ·×ËÖ � çèÎ�
�ÖÝÍËçWÎÐØÓÒ ÖÝÔËÖ � çpØÙÖH×·ÑÓÒ éW×�Ô·Ö � Ò	
�×ËÖ��]ÔËéW×Ëî
������Öpé�×b×ËÏ�
 � Ò�
WÖ»çW×¯Ø � çwÔ·Ï�"�é�Î9�$çèØÓÒ éW×jÔËÛiÍ·ÎÓé�M � ÍËÎÐñHÑ=ÔËÛF*ré�ÎÐÔié�×bé�*·ØÓÒ ÖH×¯Ø=ÛË×·Ö3*¹éW×Ë×ËÖ
çWÍËÍËÎÐé �8Ò���çèØÓÒÕé�×
Ô·Ö

τ
�
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l(x)

a(x)

(a)

(b)
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	���3F� ²�#�!/��4��3F!�!�K �����b�����)��� �M!��B!���!  <F-/���E�6��*+����%,#P#.->��� 02-/3
���%5�6#�96�)3�������96�)3,:;-�<=��9>��#&%�!�� Z ���	��E����3F<=�6���D->���=9E!��=9B!/% �  3F�6���D�=9B<=������34%�(�)��%5���Y9!��
τ

<F-/#7<6�)#  �=9J<=��*s*+�£!  <634%,��!i-/�Y9�#7���D�A@C� � Z

ybz��Mz5{ |��£��� �M�������M�Y�?�M�Y���?� ��� � �^���M�
© O`S [ N.TpX2O`VFO`R`VFO`X2jYTpX2V c _ c(a T;SiUsSYd \2[ O�¡CdCS [ _;O`N7_ \ N c N7O$UFT;S [ Q7d`S a T�N7Q.RCS2T afu�\ S�_;dCQ.S

Q7SY �SYQ5� _ u T [ U+� a Q.VWT a O`S [ N7T�_�O [ d���NPO�N7Q7R`S2T�� \ S2T�_(d \ VAw \ VWT
κl

S c RCN.Q7RCT;O`w2N.T`e ¤ O`Q [Ja T
NPO+kpq;kpT�k�O`S2Q.o;VWT£l \ TsNPOpUFT;S [ Q7d`S a T [A\ VA]�O/_;T a2c X�T;S a³a TsN7O+_(d \ VWw \ VWT a TsN7O [W\ V^]�O`_;T a T
[Wc X2O`VFO/UWQ7dCS��! C«��#"�$&%5�

τ a2c X�T;S a VWO?O \2[A[ Q a T
κl.

��T6UWUFT a2c X�T(S a O`SY_;T�O c U cbc U \Ya Q c TbX�O`V © dCw2w [
�'"�(&%���X \ Q [*) O \ T(V8T(U © Q7T6UFVWQ._4j+�-,/.&% [W\ V8NPO�w�O [ T a2\ k�d a o(N7T a T a2c X2NPO/_;T;kpT(S�U afu Q.S�UFT(VA]�O`_(T`�
a T [ dCN \ UFQ.dCS k�O/UFj c k�O/UFQ.l \ T�w�T�O \ _;d \ X·X2N \2[$[ Q.k�XYN7T�l \ TµN7T�UFVFO`QtUFT(k�T(S�U$S2d`S N7d)_;O`N5��T6U
[W\10p[ O/k�kpT;SiUBX2V c _;Q [ X�d \ V a T [ ]�O`Q.w2N7T [�a Q [ UFdCV [ Q7d`S [Ia2\ X2VAd` �N a T [ RCd \ UWUWT [ eghT [ V c([W\ NtU=O/U [ ¥  �R2e ª e'2�§8kpdCSiUFVAT;S�U�l \ T

τ (κl)
_;d`k�kpT;SY_;T�� [;u�c N7d`Q7RCS2T(V a T [ O�¡/O`N.T \ V

τ (0) = τ∞
l \ O`S a 1/κl . 500nm

� N7d`V [ l \ T+N u�c l \ O/UWQ7dCS a T�3�d \ S2R�SYT aYc _;VAQ.U�X2N \Y[�\ S2T
N7Q7R`S2T a VAdCQ.UWT a O`S [ N.TbX2NPO/S

(cos θ, κl)
e`��T(U T54°T(U a dCQtU q6UFVAT1_(dCS�¡CT(S�O`w2N.T;kpT;SiU X2VWQ [ T(SJ_(dCkpXYUFT

a O`S [ NPOJk�T [W\ VAT a T
τ

X2O`VBO/X2X2N7Q._�O�UFQ.dCS a T�N u�c l \ O/UWQ7dCS a T*3bd \ S2RYe

687:9 ;=<?>8@BADC?EFC5ADGIHJALKNMO@BADGJPQGR@SC?@LTOHR@U<5C�VNWOHR@XAYPZC5[�<5HR@

© O`S [ NPO [ T(_(UWQ7dCS ª e\ )e! xS2d \2[ O�¡CdCS [ UFVWd \ ¡ c NPO�_;dCS a Q.UWQ7dCS afu�c l \ Q.N7Q.w2VWT a T [ N7Q7R`S2T [ UFVAQ7X2N.T [
[W\ V \ S2T [W\ V^]�O`_;T [ dCN7Q a T��³NPO�_(dCS a QtUFQ.dCS�l \ T~N7T [ dCN.Q a T [ dCQtUpX2N7O`S�T(Up_4jYQ7kpQ7l \ T;kpT(S�Umj2d&]
k�dCR`o;S2T/e���dCkpk�T8S2d \2[ N.T8¡CT(VWVWd`S [ kpQ7T \ ´ a O`S [ NPO [W\ Q.UFT/�2N7T [I[W\ VA]�O`_(T [ V c T;N.N7T [I[;u�c N.dCQ7RCSYT;S�Uw�T�O \ _(d \ X a T�_(T�_�O [ Q a2c O`N�� [A\ VAUWd \ U�l \ O`S a T;N.N7T [h[ dCS�U�dCw [ T;VA¡ c T [ O \ ´xX�T(UWQ.UFT [�c _=j2T;N.N7T [ e#^ N.N7T [X2V c([ T;SiUFT(S�U a T [~a2c ]�O \ U [ _=j2Q7kpQ7l \ T [ ¥ j c U c VWd`R c S c Q.U c;[ �E_(dCS�UFO`kpQ7S�O/UWQ.d`S X2O`V a T [ T [ X�o;_(T [_4j2Q.kpQ7l \ T;kpT;SiU a Q_4 c VAT;SiU [ §�d \ X2j n)[ Q7l \ T [ ¥ V \ RCd [ Q.U c ��]rVFO`_6U \ VAT [ §4ea`xV:b`_;TxO \ ´+UFT(_4j2SYdCN7dCR`Q7T [O`_(U \ T;N.N7T [ S2d \Y[p[ dCkpkpT [ _;O`X�O`wYN7T [ma T�X°d`N7Q.V;� [ dCQ.Umk c _�O/S2Q7l \ T(k�T(S�U [ dCQ.Um_=j2Q7kpQ7l \ T(kpT;S�U;�
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τ
Z �E����38!��=9I�/3W-/�°!��=98<4���)3?(��3F�=9�������49>�63��`�B�)���x!  �>%�-/��%5���~!��M#WK  '(�2-/��%5���"!��®°���)���$-��`�=<

τ = τ∞ =
<=���Y96� -/��� ��� #&%.�/����0���%,����%,#,#  ����!�K -40�3��=9x#.-�3  : Z
	����� 	 Z

_;T;V^U=O`Q.S2T [x[W\ V^]�O`_;T [�[ d`N7Q a T [��A\2[ l \fu �~N.T [ VWT(S a VWTml \ O [ Q7kpT;SiU�X2N7O`S2T [ �$N u�c _=j2T(N7N.TsO/UFdCkpQ.l \ T`e�Md \2[ S c RCN.Q7R`T;VWd`S [�a dCS2_ a O`S [ N7O [A\ Q.UWTpN7T [ Q.k�X�T(VA]rT(_(UFQ.dCS [ XYj n)[ Q.l \ T [�a T [£[W\ V^]�O`_;T [ X�d \ V
UFVFO/Q.UFT(V [ T \ N7T;kpT;SiUBN7T [ Q.k�X�T(VA]rT(_(UFQ.dCS [ _=j2Q7kpQ7l \ T [ e

� d \ V \ S [A\ w [ UFVFO�UJX2NPO/U£k�O`Q [ j c U c VWdCRCo(S2T+N7T [ UWT;S [ Q7dCS [�a T [A\ VA]�O`_(T [ dCN.Q a T
]DN.Qtl \ Q a TpT6U
[ dCN.Q a T
] ¡/O/X�T \ V aYc X�T;S a T;SiU a T [ _(d)dCV a dCS2S c T [Ba O`S [ N.TxX2NPO`S aY\"[A\ w [ UFVFO�U£¢

γSV = γSV (x, y) , γSL = γSL (x, y) . ¥Dª e\ ª §
� NBT;S¯V c;[A\ N.UWT�l \ T�N u�c SYT;VWR`Q7T~N7Q.w2VWT afu�\ S2T�RCd \ UWUFT [A\ V \ SYT"UFT(N7N7T [W\ V^]�O`_;T�S u O X�O [�\ S

[ T \ NfkpQ7S2Q.k \ k _;dCVAVWT [ X�dCS a O/S�UB��N u�c l \ O/UWQ7dCS afu 3bd \ S2Rsk�O`Q [ X2N \ U��`U \ S2T [Ac VAQ7T a TxkpQ7S2Q.kpO
N7d)_�O \ ´O�-, ª %5�/_;d`k�kpT [W\ VGN7OM 2R2e ª e&«�OY�/_=j�O`_ \ Sm_(dCVWVAT [ X�d`S a O`SiUb� \ S2T�_;d`SY �R \ VWO/UFQ.dCS a�uvc l \ Q ]
N7Q7wYVWT a TmNPO+N7Q7R`S2T�UWVWQ.X2N7T/e���Q N u d`SµO \ RCkpT;S�UWTsN u�c SYT;VWR`Q7T a TmN7O�RCd \ UAUFTmO`V^UFQt �_;Q.T;N.N.T(kpT;SiU��°X�O`V
T6´�T;kpX2N.TxX�O`VIO`RCQ.UFO/UFQtdCS�k c _;O`S2Q.l \ T`�2N7OJN.Q7R`S2T?X�T \ UIUFd`ksw�T(V a O`S [I\ S~O \ UWVWTx_(dCSY �R \ VFO/UWQ7dCS
k c U=O [ U=O`w2N.T�_;d`VWVWT [ X�dCS a O`S�Ux� \ S�O`S2RCN.T a T�_(dCS�UFO`_(U a Q_4 c VAT;SiU�e°ghT£X2VWd)_(T [W[A\2[ T [ U8Q.VWV c ¡CT;V�]
[ Q7wYN7T�X2O`VW_(TIl \ TEN7T [ O \ U a TEN7O8N.Q7R`S2T1T [ U�O/_;_(dCk�X2O`RCS c X�O`V \ S2T a Q [W[ Q.X�O/UWQ7dCS£¡)Q [ l \ T \2[ T a O`S [N7TxN.Q7l \ Q a T`e¤ O`_(VWd [ _;dCXYQ7l \ T(k�T(S�U�_(T�XYj c S2d`k�o(S2T a d`S2S2T N7Q7T \ O \ S H��>96�  3  96%79�!���#WK -/���/#7��!��I<=����� -�<6� �
_�O`V�d`S�O"N u Q7kpX2VAT [A[ Q7d`S�l \ T�N7O"N7Q.RCS2TmUWVWQ7XYN7TpT [ UsQ7kpkpdCwYQ.N.TpX�d \ V a T [ ¡�O`N7T \ V [�afu O`S2R`N7T a T
_;dCSiU=O`_6UB_;dCkpX2VAQ [ T [Ea O/S [E\ S~Q7S�UWT;V^¡/O`N.N7T ¥  �R2e ª e¬«�w�§M¢

θr ≤ θ ≤ θa.
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θa,r �
	����������	�������������������� �!�#"$�$��%��&�'�&)(
��%&*����&��(+���
,-��%.0/1"��&���&��),�*�/��
2�*��'�435,6�&(+/1���&�57
8���1�������9�	��;:<�$/1��+	�*�"����9'�#"$����%��&(�	�*=(+�&%�*�����(����>�1/������'0(+/1,����?�$@A�=���B���&+��(
��/1����(��+�&�
,-	��+/C0/�	����D� �E��2�*�/��1/�F�(
��G $ ��*�(H��/1I6��(
����%&� δθ = θa − θr ���J�*��������&�+*�(
�������K�EL�MN�J0��(
���
/��H���
θ G
O �KP�� O QSR�TVU9W�X�Y6XZW5[\Y6T^]�X�R�RJTVXZ_�`\ab`cUdR�XJeVfH`cUdWN_�XZ]�R�`cU

g ��(h%�	����
��2�*�����%������jiKkNGml�nV�1�o,A��(+����p&+(+�o� �E�&0�����&���&��rq�"$�$(+/��H��*��+�+/-�A�����s�1�o,��t�$����*
�+*�F��J0(0�uH�.o�K�E	��B,-��*5H�&%�(+/1(+��v

S = S0 + h (x, y) ,

	�w S0 = 1+cos θ0/γ < 0 ���J^�1�s%&	N�&x�%&/����9^� �E�&0�����&���&��y,-	�*�(y*����z�+*�(
:<��%&�z/��������1�{�&|,-	�*�(
�����h��	�*�++���h���o(0�}M�	������DFA���+� r À τ/γ. h ���&@A��/Ch�~�!/1��L�	���	����&����/C0�z���D�t���
*�(
:<��%&�o�&{����/1
%�	�������*�������:�	�(+%&�.��2N*�/����.:�	�(+���������1/�������+(+/�,������ �E*�����2�*A���90/C0� η (x) ,A��(D(+��,�,-	�(JH���0�
,-	��+/C0/�	���� �E��2�*�/��1/�F�(+�H� h = 0 i�@A��G-��G!�9n.G5�s�&++�����.:�	�(+���$+/�	���������������(+��*����b��/1�
+	�(+�+/1	������
�K�E/���+��(J:<��%����1/�2�*�/����.7K"$��,-��*�(��.���	���������/��&*��S*����������&(+��/1��%���,�/��1����/C(+�?���u�d���#�+������2�*�/h����/C
%�	������D*����o:�	�(
%��o���o(0��,�,-�&�-�
*�({������/1�����$GN�s�.++�D�Z�������
+/�%�/C+��%}��,�/������$/1(
�.� Ucap �����H��	�/1h,����� 0(
��%�	���:�	�����*����#"��&% τ 2�*�/�(
��,�(
���
����+���K�E�������
+/�%&/C0��/1��+(+/1���+p&2N*��������t�j��/�������G� �S,-��*5H�&�
0/1���&( Ucap �A�$���o�����1/���/�0�b����,-�&0/C0�&�D��/��J0	�(
�+/�	���� η � �#�u�Vv

Ucap =
1

4
γ sin θ20

∫

dq

2π
|q| |ηq|2 ,
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h(x)

x

46587:9<;>=@?BA"CEDGF ��HJI �LKNM"O�P���Q O�MK�u�RKN�z�C���SM(T����6P8QUMWV-���XO�YZQ6Y5���[O�Y\Q
]&�N�8�[^B_�P�_�Q8�!T � ���
��O�P[`'��O�YZQ _8�6V��NQ��C�&]}�u����P�MK�u� η (x)

�#"���%
ηq = 2π

∫ ∞

−∞

η (x) e−iqxdx

���H%&	N�&x�%�/1���9�����aA	�*�(
/��&({���!	�(
��(+� q ��� η. b �E�����&(+��/1�b/��90(
/����
p�2�*��b���b�t����/1�����D"u��*�z,A��(
���A���1	���/1���$*S%}�$�o� �E*�����%�	�(
�������t�$�
0/12�*���v

Uτ =
1

4
τ

∫

dq

2π
|q|2 |ηq|2 .

b �����&,-�����A�$��%����&� q ,��1*� c�h2�* �E��� q2 ��� Ucap "N/1����{���H�0���A�u0*�(
�H��	��'��	N%����1��vN�~�!�&����(
��/��
%}��,�/1�����$/1(
�{����(
/1"��z� �E*�������/��J0	�(
�+/1	��j���z�K�E/��90��(J:<��%��{��/12N*�/����47�"$�$,-��*�(y���z8�$/��1�1� λ ∼ 1/q GNdZ�����

/���+��(
���+�+����o� �E��%&(+/1(+���1��(0��,�,-	�(
D�����o����*53B�.35,�(
���+�+/1	����o�A�����o�1��%}���D�+/1��,�����	�wB�����
,-��%&+(+�
������/��J0	�(
�+/�	��B��� η ��*��S"��&%&+��*�(o� �E	���������	���/��A�$�� q̄ :

Uτ

Ucap

=
q̄

θ20

τ

γ
∼ q̄

θ20
σ,

2N*�/y��	��90(
�)%&	��������9b,-	�*�(b��������(0�����������1	�����*���*�(
�����!	������ (λ À σ) �~�!�&�t�$�
0/1%�/C+��%���,�/1�C7
�t��/1(+�������+2�*���0	�0�����&���&����K�E�������
+/�%�/�0�����'�1/�������G �s��%&/s�43�,���/�2�*���%��&(
0��/����&��"$�$���&*�(+���.35,-�.7
(+/������98���1�&�H��� τ ����	�(
�'�$���&�����9H��(0�$�������b%�	���,A��(
���&����*N3 ,�(+�."N/��+/1	����H+L���	�(+/�2�*��&�jv6�������
%����o%����D	��S�����
*�(+��,���*5 c� Ucap 2�*�� Uτ Gfeo	�*��D(+�."N/�������(+	����o�+*�(o%&��,-	�/1����A�����D�t�j�+*�/C0�$G
Ohg P gji kmlJnbU�WN_�T^W=Tol&p ab[rq8ToloW5Usq8TVX�n�R�`cU;Y0t^_�_�[cR�[cU

dZ%�/ ��	�*����
*�,�,-	��
	�����2�*��j�1���+*�F��J0(0�u�,�(
���+�&��+������:<��/�F��1���oL��.0��(
	����&����/C0�&�����)0��/��1�1� ξ

%�	�(
(+���1���&��v
〈h (x)h (x′)〉 = h2 exp

(

− |x− x′|2 /ξ2
)

, i���G k�k��9n
〈h (x)〉 = 0.
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� 	�F�F�/������.���	9�����9Mri � �9n � ���u�h	��9)�.0*���/1���t�B%&	���,-�.0/C0/�	����&��0(
�'�~�!�&���&(+��/1�����������&:<�$*�0�
�&��~�!�&����(
��/��'�������
+/�2�*��?��� ���?�1/�������G dZ�1�j	������/1���+/s%�����%&*����'�K�!����,��1/C+*����'���&��,��1*��j�
8��F����&�
��/��J0	�(
�+/�	�����,-	�*�(�*�����%���(J8��/1�����1	�����*���*�(����������1/������ L v

η (L) =

(

Lξ2h2

γ2θ40

)1/3

, η > ξ

η (L) =

(

Lξh2

γ2θ40

)1/2

, η < ξ.

b ����	�����*��&*�(�����%�(
	��+�
	 "���(o���90(
���1��������*53B(+�&��/������z"u��*��v
Lc = ξ

(

γ sin2 θ0
h

)2

.

g �1*��+/1��*�(
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h
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H����%�	�(
�����.:�	�(+�������&H�&���1��+(0�#"���(+�
�������
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)
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/C7
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/���,����b,�(+�."N* ,A��(�������	N��p&����i � �9n
�� kN�  lu�{i8��] %4LA�$, G���n.G



� �������	��
�� 

����������� ��� � ����������� � ����
 �����

�! "� #�
$����%�&'��� ��� � �����(�(�(�*)*�

%��+%���� #'��
,�(-.���

b �0/1/JM2/430p&���5/����'�76�*�/��1�1�������530*���/��5/j��* %06�*�(8/)����%��730(+�#"u��/��96;:<3)�=30�'%8L>6�/?/+/@/A/+*�(��t�
FA�;/+�o���o%06B:>/
/����&(0�C3+/@6B:D/h,�(0�C3+/�2�*��0/h�=3h:E6B:��A�����0:F38���1�0/&G*dZ���������&���5:<3h���5/h��/12�*�/����5/V���&"N(0��/1�0:F3
/@:<3+��(+����/1(y�#"��&%����0/G/
*�F>/H3+(0�C38/9/H6���/1���0/|��*��76#M��0:����s:E6�(+%&�0/V���?6B:���*��s,	6�(430���z���I:A�J30*�(
��F�/1�0:
���&@K:�/���� ,A��(��.35�&��,��1��,�*�(+�&���5:<3���/?/+,-�&(8/+/C"��0/&G �s�&%�/9/
/���,���/�@A�j�5:>6�(+�������5:<3����5/�/?:<3+��(
,�(+�47
38�C3+/@6B:>/L30L��56�(+/12�*��0/D���0/D(+�0/
*��?30�C3M/&G

b �0/,/+*�(J:<��%��5/ ���&"N(+��/��5:<3>��*D/8/+/ � 3+(+� ,����;:��0/ �53 %8L�/1��/12�*������0:F3 L>6���6���p5:��0/ON
*D/+2�* �!�
�K�E��%8L����1���A:A�;:D6����=30(
/�2�*�������:<�;P56B:>����/?:�/1��/Q/+�&(o���0/H�&I6�538/�� �EL�MR/430��(
�0/+/@/����)�����1/��B:��S30(+/1,��1�
2N*�/h"N/��5:>:��5:<3)%06���,���/12�*��&(��1�0/����0/
*�(+�5/�GUTV:�@>: � %06��������1�0/��.35,-��(
/��5:�%��5/W/
�'���&(86�*����0:F3j�
30����,-��(+�C30*�(+���53o�J30��6B/+,�L�p�(+���$��F�/t�;:F30�$�5/����5/H3X6�,�,	6�(H3+*>:B���Y30(0�}"$��/1���C��(z�}"���%����0/D�1/�2�*�/����0/
�53?���5/Z/+*�F>/430(+�C3M/?��� :<��/�F����S�5:���(
��/�� ���,/+*�(
:<�$%��$�s�76�/@:>/�/+*D/+%��&,D30/1F����5/?� �!���?3+��(0�J30/@6;: %8L�/C7
��/12N*���,���(����>/H6�(+,230/@6;: � �E�0/
,-p�%&�0/o,�(+�5/+�0:F30�5/o�A�C:>/��K�!�C3+�76;/+,�L�p&(+�$G%eX6�*>/I/H6�*�LA�$/?3M6;:>/���*>/H/+/
2N*����K�!�;:������)������6�*�/1�1���$������*[/
MR/H30p&����/H6�/?3�/@:�:��&(+/1��*�(��]\;^ ◦ � %56B:���/?30/?6B:_:��&%��0/H/0��/1(+��,	6�*�(
��,�,��1/�2�*��&(����730��%8L>:�/12�*������!/1�'������(
/������j��/1%�(H6B/+%56�,�/��)�':E6�(+%&���J3M6���/�2�*��)2�*��W:>6�*>/����1�@6B:D/
����%&(+/�(
���0:S���=38��/1� �A�;:D/o�1��%4LA�$,�/?3+(+�`/+*�/C"$�;:F3}Ga :b/
MR/H3+p�����2�*�/V,�(+�0/
�0:F30��%��5/�%���(0��%=30�&(+/@/430/12N*��0/��5/H3��1��%56�*�,��1������%��;:��5/J7c/
*�(
:<��%&�0/����.7
30L�MN�1�0/�� %��E�0/43)� ��/�(
�����5/A/
*�(
:<�$%��0/�2N*�/^�.35,	6B/
�0:<3����5/���(86�*�,-�&���5:<3��ed 3 6�(
�>6B:>:��5/�G ef6�*>/
�#"B6B:D/�(
�}���1/@/
� %&�0/O3ZM5,-�B���]/+*�F>/430(+�C3M/�,A�$(���6N��/1@�%}�C3+/@6;:d%8L�/1��/12�*�� ����/
*�(
:<�$%��0/�/?:>6�(+���u7
:�/�2�*��5/oig/
/���/1%&/1*��S�h/+/1��/1%��i6�*W6�(8n ���z(+*��;6B/+/Q30�s%06B:F30(-c����&���$��(Mj�%&�����t�X30��%8L>:�/12�*��Ik�/?3+�ek �@l��$*D3M6$7
�;/8/
���jF��t�$�����76����&%�*�����/1(
�FljiKq2mYn n.G



1�� � � ���J	 �8�U	 )+� � �"� )+��	�� ����� 1��

4m587:9 ;�=�� A�?@D�� P8Q�YA��P8Y\Q0� KN���C� `'�u�"_8��YN���LKN�LKN� KZ_4�+�����
�	��
 ������������������������������� !�
a :#"%$'&(";:*)+$',@:.-�"%,'/0)$�F621 �435"%$6&�";:.)$�7)5/H3�1>:*)8&8L9"��@:.)HL�MRk./H6:&("%/<;	6B:.-�)Y/="J3=1./<-�) /="C:>/>&&M:&�$6)

:.,?/="%@	,'A.&("C30,?6B: iBA.C.DhkEDC� n�D b "GFE62/<@H1*$6)#;./0123=)IC%-0:.-�/="%$')]k.)0/J"%$'&("C:.)0/K)0/43?� n d 2n+2 DVm+1
&0621./H/1k*)J&�)53H3=)�30L�p5/0) :>621D/L"(MB6B:>/N)�@	O.$?6 M2-�k.)5/L"%$'&(";:*)0/N"PM2)�&J1>: :>62@L;./<)�k.)J&("%/<;	6B:.)5/
8 ≤ n ≤ 16 �.Q71.,(/86;:<3I3M621D/o�H$SRT-=3U"C3?$',6Q71.,?k.)�� 3=)�@JOV-�/="C301./0)W"%@L;.,6";:<30)%D\d5$@/e6B:F3!"%1>/H/0,X1>:.)
FY"%,6;.$')8M:,@/<&06B/<,?30-�iJ�W@ g "W/8nZ)=3+1D:.)S30)0:>/<,@6B:]k.)S/01./<FY"[&�)Sk.)W$\R 62/8k./<)`k.)�k;^H@ e8][@ID

b )0/!"%$'&(";:.)5/ k.)^FY"%,';.$')_O	62,?k>/?@76%$6-�&�1.$6"%,'/<)�iE:a`�� k�nL/86;:<3+"[1>/8/0,(/015x7/0"%@	@J)5:<3�MB6%$b"C30,6$')5/
iY$b"�O./<)0/8/<,@6B:Zk.)+M["%OV)�1./e/0"C3=1./0";:<30) k.)8$\R 6:&53U"C:.)b��k � ◦ �c)5/H3Ik*)j�#�N@L;9"%/0n.�7)53�,'$4FY"%1D3Lk>6;:.&
3=/="(M["%,'$6$d)�/e/H621>/!"C3=@�6B/0O�L�p�/<)W&06B:F3=/-c2$6-�)WO	6%1./�)5:e)�@	O � &8L.)�/!$\Rf-�Mg"%O	62/="J3=,@6;:aD

�>)0/N$',6Q71.,?k.)0/`/86;:<3 /43U"%;.$')0/�)=3h"%O	62$6"%,'/0)5/^)53N,?:<30)�/="[C2,@/H/0)0:F3N"PM2)�&J$')0/S/01.;D/H3=/0"C3M/NO9"[/�$')0/
/0)�1*$6)0/LFE62/<&�)0/Wk*,@/0OV)�/8/0,dM2)0/�Dji_"C:>/K&�)�&(";/H$6"_k*)0/0&�/0,'OD3=,?6B:'k.)5/HFE62/<&�)5/K)5/H3O/0,'@JO*$6,dA.-�)k)53H&�)
/
MR/H3+p�@	) k*)�@�621.,'$'$6"[C2)8)0/H3!&06;:7M2)0:."%;.$')�@	)0:<3Xk.-�&�/<,?3!O."%/�$')^@76Rk�p�$6) 30L*-062/<,6Q71.)W,6$'$'1>/43=/0-^"%1l �2D  Dg 621./1:>6B/L)�mEOV-�/<,6)5:.&�)5/�k*)�@�621.,'$'$6"[C2)�:>621>/H"PMB6;:>/H1D30,6$',?/0-7k.)5/K"%$6&�";:.)5/Bigm+$@k./<,6&8L nSk.)
O.1./0)=3=- /<1.OV-�/<,6)�1*/0)?�,\B\on#D eX621>/h"PMB6B:D/h@J)5/01./<-k$6"]3=)5:>/0,?6B: k.) /<1./<FY"[&�) k.)J&�)5/L$',6Q71.,@k*)0/
O	621./ :>6%1>/!";/8/01*/0)�/�Q:1*)�$6)5/�,'@JO.1*/0)530-0/?/0-5/0,@k*1.)�$'$6)5/�i��pn�ne:.)S/H6B:<3!O.";/I3=)0:D/0,@62"%&530,'M2)5/�D
�	�0� �����q rh��rJ�srht��vu������t#wxrWy.�N�x�X�q{z����?��}|*~k��� �v�

i8)5/ /01*/<FY"%&�)0/��>62@�62C�p0:*)0/�"%1EmWO./H62O./<,6-530-0/ k.)j@7621*,6$'$'"%C%)�&06B:F3=/!c%$6-�)0/xOV)�1*M2)5:<3 � 3=/0)j/0-�"%$6,�3
/0-�)5/ O9"[/Ll�"%123M6[35";/8/<)�@L;.$6"%C2)FlUk.)s@�6B:D6E&5621.&U�.)5/ 62/<Co";:.,'Q71.)0/si~qE)�$dF>mf/8/<)�@L;.$')0kWn�6B:>62$6"P�2)�/8/��
l}q2m`n�/ l � �}�$�SD b RT"%1D386[3�"C/8/0)�@L;.$b"%C%)�� 6%1�FE6%/0@J"C3=,?6B:`/<O	6B:<3=";:.-�) k.) /H30/01.&=3=1./<)0/��.,'-�/="[/0&U�.,6Q71.)5/
&062@	O.$')�mE)0/h�^O9"%/H30,6/Gk.) l�;./<,6Q71.)5/ l?@76%$6-�&�1.$6"%,'/<)0/�)0/43s1>:	O.�*-0:>62@�p5:.)X62@�:.,'O./0-5/0)0:F3 k.";:>/j$b"
:9"C3=1*/0)%D b 62/8/<Q:1*)K&�)HO./86:&�)0/8/<1>/A/<)KO*/86Rk.1.,Q3���$SRT,?:<30)�/ZFY"%&�)1/H62$6,?k.)P]g$6,dQ:1*,@k*)��VO9"%/^";k>/H62/0O23=,@6;:



1��W1 � ��� ��� ) � � ��� �-�:��� 	 �  ��� 	 �!�U� ��� ��� � �	��
��� ��� 1��

46587:9<;>= � A6�sD I���O `'�u���#�8��YA��^A��O��NY\PZ����O�O#��`����"_8��O O#� ]}��QU`'�.�BPmO�VA�u�BP����0_�`'�.�BPV��NQ&M
` `'��Q O�MK�u� KNYEO�Y���O�P8Q+�NP K9����O&YN��� O#�u�SYZP�MK�u� KN�&`'�u�"_8��YN����Ob�N��P8M�����O��:I�� �*K��O#��QjV:P�MK�u� ��^ZM
` M�� Y ����P|����O ]}��Q0�8��OJM��BP���QU`'�u�"_8��YN�C�NM
Q8��OmO#�u�BP ���!� ��QUM(TNM�����KNYLV:Q0���
�8��O�O�Y3OLK"� �NYZP����J��O�O#��`����C��TN� F K"� ��V:Q$#�O��C� Q0��]%�'&)(�(%*jH��

k.)	@76%$6-�&�1.$6)5/Y3=)0:D/0,@62"%&530,'M2)5/��IO."%/H3=,'/`kaRf1>:.)7/H62$6123=,@6;: �a,'$VkD6B:>:.)	$6,')�1��]k.)0/h"C/8/0)�@L;.$b"[C2)0/
@762$'-�&�1.$b"[,'/<)0/�;.,@k*,6@	)0:>/<,@6;:>:.)�$?/�Q71.,XOV)�1EM2)0:<3 � 30/0)`3=/
p0/ 62/8k>6;:>:.-0/�D

q2621D/9k.)0/j&06;:>k.,?30,@6B:D/j"Ck.-�Q719"J3=)0/biE:9"C301./0)?)53 O*/862O./<,6-=3=-0/Vk.)5/ /H62$'Mg";:<38/��;3=)�@JOV-�/="C3=1*/0)Ik.)
$b" /H62$61D30,@6B:Anx$6)0/�@�6B:>6:&5621.&U�.)5/V/0)�FE62/<@J)5:<3G/0O	6;:<3U"C:.-�@	)0:F3}�Bk.";:>/v1D:W3=)�@JO>/�&562@JO*/0,@/�)0:<30/0)
Q:1*)�$6Q71.)5/�@	,@:71D3=)5/�)=3 O.$61D/0,6)�1./8/��.)�1./<)0/&�%O9"[/ /0,'@JO*$6)j,'@J@	)�/8/0,?6B:SkaRT1D: /01.;D/H3=/0"C3G/H62$6,?k.) k.";:>/
1>:.) /86%$61D30,@6B:�k.)8@76%$6-�&�1.$')0/s"%&=3=,'M2)5/�i A9C.D�kEDmk�n�D5�>)0/�@�62$'-�&�1.$6)5/ /86B:F3�C2-5:.-�/0"%$6)�@J)5:<3>&56B:>/43=,d3
3=1.-�)0/ikaRf1>:.)!$@6B:*C21.)�&U�9"��@:.)�&("%/<;	6B:.-�)X3=)�/0@	,@:*-�)�O9"[/ k*)�1Em	C2/86%1.OV)�@	)0:F3M/ &U�.,6@	,6Q71.)5/Dvo$\Rf1>:
"J1>:.)h"$x�:.,Q3=-�@k"%/<Q71.-�)h"(M2)�&h$6"�/01*/<FY"%&�) iYC%/8621.OV)�@J)5:<3+/0-("[&53=,dF0n.�4$SR "[1D3=/<)N"7k.)5/+FE6B:.&=3=,@6;:>/
& �.,'@	,6Q71.)0/W/<OV-�&�,'A9Q71.)5/JQ:1*, /<)�/H6B:<3	&�)�$6$')0/Wk.)�$\Rf,@:F3=)�/<FY"%&�) 6%/0Co";:*,6Q71.)�iYC%/8621.OV)�@J)5:<3HFE6B:.& 3
3=,@6;:>:.)�$~�EMB62,'/�A9C.D kEDmk�n�D

b " FE62/0&�)e@76C3=/0,'&�)]k*1cO*/86:&�)5/8/<1>/ZkaRT"%1D3M6g3�";/H/0)�@L;.$6"%C2)�)0/43#$6" /0-("[$6,@/0"C3=,Q6B: k*)e$6,b"[,?/H6B:>/
& �.,'@	,6Q71.)0/	)5:<30/0)e$6)0/	C2/86%1.OV)�@	)0:F3M/k"%&=3=,'FE/�k*)0/k@�62$'-�&�1*$6)0/Ok.)$/01*/<FY"%&=3U";:F3k)53k$6"b/<1./<FY"%&�)%D
b )5/^FE62/0&�)0/`kaRT,?:<30)�/="[&53=,?6B: k.,?/0OV)�/8/0,dM2)0/W)0:F3=/<)K$6)5/^& �9" � :.)5/�"%$,+o�:$6)0/Y/86B:F3�/<)0/0O	6;:>/="%;*$6)Ok.)H$b"
&062@	O9"%&�,?30-^)53Xk*)�$SR 6%/8k./<)`/0O9"J3=,b"[$�k.)W$b"L@�6B:>6:&06%1.&U�.)%Dg "%/ /<,6@	O.$6)WMg"%/0,6"C3=,?6B:$k.)5/_C2/86%1.OV)�@	)0:F3M/8/0-("[&53=,dFE/8)=38FE6B:.&530,@6B:D:.)�$?/fk.)0/_@�62$'-�&�1*$6)0/&�	6B:
OV)�1D3L/0-("[$6,?/0)�/Ak.)0/1/01./ZFY"%&�)5/K"[1Em�FE6B:.&=3=,?6B:>:9"%$',Q30-0/�& �*,6@	,6Q71.)5/h&56B:F3=/!c%$6-�)5/�D|�>)5/HO*/862O./<,6-=3=-0/
/0)�@J"%/<Q:1."%;.$6)5/jFE6B:<3ik.)5/�q2mYn$/Lk.)5/L/<�R/430p�@	)5/�@�6Rk�p�$')0/ O	621./ $\Rf-5301>k.)fk*)0/>O*�.-0:>6%@�p5:.)0/>,?:E3
3=)�/ZFY"%&�,6"%1Em 30)�$?/?Q71.)W$6)_@�621.,'$'$6"[C2)$�E$\RT";k.�*-0/0,?6B:�)53�$6"L$'1.;./0,dA9&("J3=,?6B:aD��>)0/�@�6B:>6:&06%1.& �*)0/ 6;:<3
"%1>/8/<, 30/8621*M2-h1>:*)L$6"%/0C2)N"%O*O.$6,'&("C30,?6B:e)5:G;*,@62$?62C%,')�O*1.,@/<Q:1 RT)�$6$6)5/8OV)�1*M2)0:F3 � 3=/0)NFE6B:*&53=,?6B:>:9"p3
$6,@/<-�)5/�"PM2)�&Yk.)0/�@�62$6-�&�1.$')0/s;*,@62$?62C%,'Q71.)�@	)0:F3�"[&53=,dM2)0/�DA�>)�&�, OV)�/0@	)=3Ik*)_@	,6)�1EmJ&062@	O./<)0:>k./<)



1��W1 � ��� ��� ) � � ��� �-�:��� 	 �  ��� 	 �!�U� ��� ��� � �	��
��� ��� 1��

$6)0/ O*�.-0:>6%@�p5:.)0/>Q71.,4/+p�C%$6)5:<3s$SR ";k*�.-0/<,@6B:�k.)5/>&�)�$6$'1.$')0/j)53ik.)0/sO./H6;3=-�,@:.)5/�DZef62@L;./<)�1>/<)0/i/86B:F3
k>6B:.&K$6)0/W"%O.O.$',6&("J3=,?6;:>/Y30)�&U�>:>62$?62C2,'Q:1*)0/Sk.)	&�)53H3=)	&�$6";/8/<)�k.)K@k"J3=-�/<,b"%1:mG&562@	@J)H&�"%OD30)�1./H/
& �.,'@	,6Q71.)0/U621L;.,@62$?62C%,'Q71.)5/��[&06%@J@	)>&562@	O 6;/=";:F3M/�-�$6)�&=3=/H6B:.,'Q:1*)0/V6%/0Co"C:.,6Q71.)5/��%&5621.&U�.)0/vO./86g3
3=)�&=3=/<,6&�)5/!)=3X/01.O*O	62/H38/!O	621./I30)�&U�>:.,'Q:1*)0/Xk.)�$',?30�>62C%/="%O*�.,')��H�9"%1D30)W/0-0/H62$6123=,@6;: � �u�SDg 621./�:>6B/J) m*OV-�/0,')0:.&�)0/Zk.)e@�621.,'$'$6"[C2)�"%1Em O�)=3=,Q3=)0/	-�&U�.)�$'$6)5/7:>621>/k"(MB6B:>/J1D3=,'$6,?/<-]k.)0/
@76B:D6:&0621*& �.)5/L3=)�/0@	,@:.-�)0/>O9"[/Lk.)0/�C2/H621.OV)0/�@	-=3=�7�:$')0/��E/<-("%$',@/<-�)0/>O."%/i3=/H62,@/ 30)�&U�>:.,'Q:1*)0/Ik.,dFb3
FB-�/0)5:<30)0/ kaRT"%1D3M6g3�";/H/0)�@L;*$b"%C2)Sv�C%/0)�� "%C2)7k.) /0,'$b";:*)0/ /01*/L$6"$/<,6$6,'&�) �  � �K� k.)73=�.,?62$@/A/<1./h$\R 62/
�� �u�X)53Xk.)W&U�9"�� :*)0/!"%$,+7�:$')0/I/01./ /0,'$6,'&�,'1*@ �  � �\D

b RT�D62@76%C2-0:*-�,?30-J&U�.,6@	,'Q:1*)7k.)k$b"I@76;:>6:&0621*& �*)�� /H30/0,'&53=)�@J)5:<3h$6,'-�)��,/H6B:!62/8k./<) /H30/01.& 3
3=1./0"%$K�Uk.-�OV)0:>k k.)�$b"_:9"C301./0)�)=3	$b"�Q719"%$6,Q3=-Zk.1 O./H6:&�)0/H/01>/7k R ";/H/0)�@H;*$b"%C2) � �#�u��Q71.)�:D621>/
k.,@/<&�1D30)�/86;:>/ )5:�k.-53="%,6$Dk9";:>/j$6)5/v& �9"[O.,?30/0)0/ �p3 �:D b Rf-5301>k.)!&562@	O9"%/="J3=,'M2)ek.) k*,���-�/0)5:<38/{q2m`n�/
:>621>/�O�)�/0@	)53Uk.)s/0)�$6,6)�/�O*/862O./<,6-=3=-0/ k.)s@76%1.,6$'$'"%C%)j)53 �>62@�62C2-5:.-�,Q3=- k.)s&�)5/G/Z�2/430p�@	)5/ N<1D/0Q71aR!�
$\Rf-�&U�.)�$'$6)_@J-5/86B/<&062O*,6Q71.)[D

b "h/01.C;6B/0,Q3=-fk.)0/�@�6B:>6:&06%1.&U�.)0/�&562@JO*$�p530)0/Lk*-�OV)0:Dk�O./0,?:.&�,'O9"%$')�@	)0:F3ik.)_&�)�$6$')fk.)0/e/01.;:3
/H3=/0"C3M/!,?:>62/0C2";:.,'Q71.)0/ /86%1>/Z3QN0"%&�)5:<38/�D+ef6%1>/fk*,@/0O	6;/86B:>/Xk.)A/01*/<FY"%&�)0/fk.)A/0,'$6,'&�,'1.@ 621$/<,6$',6&�,'1.@
6Pm:�Rk.-Yk.)f3=/
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+2d 	#n4�:&�)!Q71.,4OV)�/0@	)53 1>:.)+O*$61>/jC2/="C:>k.)�M:,?30)0/8/<)fk.)!;9"%$6"P�o"%C%)%D b )5/sO./0,?:.&�,6O9"%1:mOk.-�FY"%1D3M/ k.)0/
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/01./ZFY"%&�)$�E)�$6$')!)5/H3L/86%1.@J,?/0)H��1>:.)!FE62/<&�)fk*) 1nN D5�>)53830)+M["[$6)�1./ k>6B:>:.)+$SR 62/Hk./0) k.)+C2/="C:>k.)�1./
k.)0/�FE6%/0&�)5/Xk*)WMRk � )5:$m aVn�D

ihRT"%1D30/0)0/S3��:OV)0/ k.)KFE6%/0&�)5/)��$?6B:.C21.)HO	62/H30-�)J"%C2,?/8/0";:<3�)5: m�aVn /H6B:<3�$6)0/^FE62/<&�)5/N-�$6)�&�3
3=/86;/H3U"J3=,6Q71.)5/�)53�@k"%C;:.-530,6Q71.)5/�Dmef6%1>/]:.) k>6B:>:*)�/86;:>/�O9";/�O.$61>/ k*)[k.-=3U"%,'$@/Z/<1./�&�) 35�EOV)
kaRT,?:<30)�/="[&53=,?6B:>/�&("%/�)�$6$')0/I/H6B:<3+"%;D/0)0:F3=)5/fk9";:D/!$')0/I/<�R/H3+p�@	)0/+-=3=1>k*,6-�)5/Xk9"C:>/!$6"W/<1.,?30)%D
�&g�i6gji �Jt���������� �0tol�� �����Lt��	�	
	�

qE,*$SR 6B:H"[@�p5:.)�$b"+O	62,@:F3=)�"%1H&06;:<3U"[&53VkaRf1>:.)I/01*/<FY"%&�)?)�$'$6)>/<)0/H/0)0:F3 1>:.)>FE62/0&�)Ik R "Ck.�.-0/<,@6B: D
qE, $6)5/Yk*)�1EmG&562/<O>/`/H6B:<3^,?:>k.-�FE6%/0@J"%;.$')0/+&�)=3830)LFE62/0&�)L)0/43W$',6-�)L"%1,3=/="(M["%,'$ k R "Ck.�.-0/<,@6B: W123

k.)0/X/H62$6,?k.)0/�����
 k9";:D/!$')^@J,'$',')�1�O/0)�$@6B:�$\Rf)�mEO./<)0/8/<,@6B:��
F = 2πRW123

)�mEO./0)5/8/0,?6B:JQ71.)�$\R 6B:W62;D30,6)0:F3j)5:.&06%/0)�1>:.)?FE62,?/vC%/Mj%&�)o�^$SR "%O*O./86(m*,'@J"C30,?6;:Wk*)!i8)�/ N0"%C21.,?:aDFTV:
O./="C30,6Q71.)$�.O*1.,@/<Q:1*)WO	62,?:<3=)8)53 /<1./<FY"%&�)S:.)`/H6B:<3?O9";/?O9"[/<FY"%,Q3=)�@	)0:F3�/0,'C2,?k.)0/&�*$')�1./e/<1./<FY"[&�)`k.)
&06B:F3U"%&=3>"%1.C2@	)0:F3=)�/0"��B@ � @J)�)5:k$SR "%;D/0)0:*&�)fkaRf1>:.)!FE6%/0&�)!) m230)�/H:.)��9/8621>/s$SRT"%&530,@6B:Ok.)5/ FE62/0&�)0/
kaR "Ck.�.-0/<,@6B: D b "�O	62,@:F3=)W/�RT)5:*FE6B:.&�)�k9";:>/W$6" /<1./<FY"[&�) N<1>/0Q71aR!�I1>:*)	O*/86%FE6B:Dk.)�1./ δ 3=)�$6$6)hQ:1*)
$6)0/jFE62/0&�)0/�"Ck.�.-0/<,'M2)5/e/86%,6)5:<3>)�Q:1*,6$',6;./<-�)0/ O9"%/ $6)0/jFE62/0&�)0/>/<-�O.1*$@/0,dM2)0/>"%C2,@/H/=";:F3ik9";:>/s$\RT"%,6/<) k.)
&06B:F3U"%&=3�� A9C.D��*D ����Du�>)0/ k.)�/H:.,���/0)0/ 6B:F3�O	621./ 62/<,6C2,?:.)v$6)5/xFE62/0&�)0/�-�$6)�&=3=/H6B/H3="C3=,'Q:1*)0/�)=3Uk.) � "%1.$',
)0:<30/0)L"C3862@	)0/fk*)h$b"	O	62,?:<30)N)53 k.)h$6"�/01./ZFY"%&�)h)5:�&06B:F3U"%&=3(D�i8)0/_@�6Rk���$6)5/+@J"%&�/H6B/0&562O.,6Q71.)5/
OV)�/0@	)53H3=)5:<3VkaRf)�mEO./0,'@	)�/�$')>/="(�B6B:Wk.)�&06;:<3U"[&53 a )53v$\Rf,@:Dk.)0:F3U"C30,@6;: δ )0:LFE6B:.&530,@6B:1k.)�$b"!FE62/0&�)
F /01./�$b"�O	62,@:F3=)$�x;.,6)5:�Q:1 RT,'$ : Rf��"[,?3�O9"C/ k.)�3=�.-562/<,6)	C2-5:.-�/0"%$6)[D � "%/N) mE)�@	O.$6)	$6)K@76Rk���$6)
��� � � ��
 ��:.-�C2$',6C2)8$')0/>FE62/0&�)0/�"%C2,?/8/0";:<3��L$\Rf)�mR30-�/0,')�1./ek.)^$6" 	56B:.)`k.)^&06B:F3U"[&53I3U"C:>k.,?/?Q71.)^$b"
&06B:F3=/="[,@:F3=)��K$6"K$',6C;:.)`k*)�&06B:F3U"%&=3+)5/H3f/01.O*O 6;/0-�)h,@:EAK:.,6)[D��2621>/!&�)0/+�o�:O	6;3=���5/0)5/8$6)^@76Rk.1*$6)
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-�$b"C/H3=,'Q71.)^)���)�&530,'FUk*1e&56B:F3U"%&=3!O	62,@:F3=)�3 -�&U�9";:F3=,'$6$Q6B:�� K, /�Rf)�mEO./0,'@	)S/01.,dM[";:F3��
1

K
=
4

3

∑
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1− ν2i
Ei

"PM2)�& Ei @76Rk*1.$6)�k.) � 6%1>:.C�)=3 νi &06:) � &�,6)0:F3 k.) � 62,@/H/86B: k.)0/h@k"J3=-�/<,b"%1:m /0)5/0OV)�&=3=,dFE/���$b"
/0)�$6"C3=,?6B:�)5:<30/0) a )=3 F )0/438"%$?62/8/�$b" /01.,dM[";:F3=) �

��
�� �

a =

[

R

K

(

F + 3πRW123 +

√

6πRFW123 + (3πRW123)
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� Rf)�mEO./<)0/H/0,@6B: �*D �H@�6B:<30/0)^Q:1 RT)5: $\RT"%;>/<)0:.&�)Ak.)WFE6%/0&�)5/!)�mR30)�/8:*)0/+$6)^/="(�B6B:$k*)�&06;:<3U"[&53+"%1.C[3
@J)5:<3=)iN<1>/0Q71aR �	1>:.)^M["%$')�1*/ �
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6πR2W123
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)53!Q71.)�O	621*/ k.-�&062$'$6)�/?$b"LO	62,@:F3=)`k.)W$6"W/01*/<FY"%&�)�)5/H3f:*-�&�)5/8/="[,6/0)�1D:.)WFE6%/0&�) �
Fadh = −

3

2
πRW123.

� R "Ck.�.-0/<,@6;:�)0:F3=/0)#1>:*)�O	6%,@:<30) (R = 10nm) )53H1>:*)Z/01./<FY"[&�)#)0: �E,�� 2 M["%1D3 Fadh ∼
12nN )53 a0 ∼ 1nm D<TV:J"%1.C%@J)5:<3U"C:<3j$')?/0"P�B6B:Ok.)�&06B:F3U"%&=3 �2$6)5/vFE62/<&�)5/s"Ck.�.-0/<,'M2)5/ $6,'@	,Q30)0:F3
$b"J/0-5/862$'1D3=,?6B: $6"C3=-�/="%$') k*)L$\R m"!Vn �	#%$ l �*D �*D'& ��D)(f621D/_/0)�@k"%/<Q71>6B:>/8)0:*AK:GQ71.)H$SR "Ck.�.-5/0,@6;:
O	62,@:F3=)�3 /01./ZFY"%&�)K)5/H3N1>:�O./86:&�)0/8/<1>/1/0O	6;:<3U"C:.-J)=3N,6/</0-�M%)�/8/<,6;.$')%D+*8RT)5/H3h1>:.)	&56B:>/0-�Q71.)0:.&�) k.)
$b"[k*,@/8/<,6O9"J3=,?6B: kaRf-0:.)�/0C2,')I$6,'-�)� $b" k.-�FE6%/0@J"C3=,?6B: k*)$k.)�1Em &562/0OD/J)0: &06;:<3U"[&53(D,*>)�$b" ,6@H3
O.$6,'Q:1*)G1D:.-�
0/�1�2�3�2	/�45/bk*)0/�FE62/0&�)0/I";k*�.-0/<,'M2)5/�D � RT";k.�.-5/0,?6B: )0/H3�)0:.&562/0) O*$61>/�,'@JO	6%/H3U"C:<3=)
$@62/H/0Q71.)+$6)5/s) m*OV-�/0,')0:.&�)0/ekaR m"!Vn /0) k*-�/86%1.$6)5:<3Lk.";:>/s$6)0/ &06B:Dk.,?30,@6B:>/ "%@L;.,6";:<30)0/�D �E,V$SRT-5:.)�/�3
C2,6)Ik*)X/<1./<FY"%&�)Xk.)5/ @k"C30-�/<,b"%1EmL&562@	O	6B/="C:<3 O	6%,@:F3=)?)53 -�&U�9"C:<3=,'$6$?6B:>/�)0/43s-�$6)�M2-�)6�7$')0/vMg"%OV)�1*/8/
k.)0/8$6,'Q71.,@k.)5/!O./0-5/0)5:<3M/Yk9";:D/8$\RT"C3=@�6B/<O.����/<) �B)("%17���o�2k*/86:&("[/0;.1./<)0/ �+OV)�1*M2)0:F3`/0)h&06;:>k.)0:D/0)�/
/0O	6B:F3U";:.-�@J)5:<3O/<1./H$')0/ k.)�1Em'62;RN<)538/�DGm+1 &06;:<3U"[&53H)0:<30/0)�$')0/ k.)�1Em'62;RN<)538/H1>:.)�Q719"C:<3=,Q3=-
k.)k$',6Q71.,?k.)O/�RT"%&�&�1.@L1.$6)k"[1D3M621*/ k.)J$b" 	56B:.) k*)k&56B:<3="%&53hO9"%/�&06B:Dk.)0:>/0"C3=,?6B: &("%O.,'$6$6"[,'/<)6�X$')
/="P�B6;:]k*)^&06%1./0;.1./<)`k.1�&�"%O.,'$6$6"%,d/0)+-=3U";:F3�$',6- �L$b"NO./0)5/8/0,?6B:]k.)8M["%OV)�1./?/0)�$6"C3=,dM2) P/Psat O9"%/
$\Rf-�Q719"C30,@6B: k*) �^)�$dM:,@: � 
 ��� � V MB62$'1.@J)h@762$6"%,d/0)�� Rg &56B:>/H3=";:<30)K1>:.,dM2)�/H/0)�$'$6) k.)HCo" 	�� Psat

O./0)5/8/0,?6B:�k.)^M["%OV)�1./X/="J3=1./<-�)�)=3 γ 3=)0:D/0,@6;:�k.)S/01./ZFY"%&�)Sk.1I$6,'Q:1*,@k.) ���
1

rc
=

2γV

RgT log(P/Psat)
.
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� "�FE6%/0&�),k.) � "%O.$6"%&�) ";/8/H6:&�,'-�)G" &�)�@	-0:.,?/0Q71.)G" 1>:*)�)�mEO./0)5/8/0,?6B: /<,6@	O.$6)�k9";:D/�$') &�";/
RÀ rc �

Fcap = −4πγR cos θ

6�� θ )0/43#$SR "C:.C2$6) k.)e&56B:<3="%&53 k*1 $6,'Q:1*,@k.)�"PM2)�& $6)5/�/01./<FY"[&�)5/k)0: Q71.)0/43=,@6;:aD �E, θ = 0 )=3
R = 10nm � Fcap ∼ 10nN �*&06%@JO9"[/="%;.$')_"%1:m#FE62/<&�)5/�";k.�.-5/0,'M2)5/�D �:,a$SR 6B:#-�$?62,6C;:.)8$6"LO	6%,@:F3=)
k.)N$b"O/<1./<FY"%&�)N$6)�O	6;:<3+&("%O*,6$6$6"[,'/<)S/�RT-=3=)5:>k7N<1D/0Q71aR �k1>:.)N&�)�/43U"%,?:.)Ak.,@/43U";:.&�) dc 6�� "%O.O9"[/="��?3
1>:.)G/<1.OD3=1*/0)GO."%/#,@:D/H3U"[;.,6$',Q30- ��� ^��SD � )0/#FE62/<&�)5/�&("[O.,6$'$b"[,'/<)0/J)53�";k.�*-0/0,dM2)0/�OV)�1*M2)5:<3�k>6;:.&
k>62@	,@:.)�/?$')0/�FE62/0&�)0/
	�@�62$'-�&�1.$b"[,'/<)0/��_)5:$m !Vn�D
�k��� � r ���� � �5r 
 ��� �Wwx��rh� �

� 621./kC2-5:.-�/<)�/#$') O./H6%A9$X3862O	62C2/0"%O.�.,'Q:1*),kaRf1>:.)_/01*/<FY"%&�)_621 ";:9"%$d�R/0)�/ /<)0/�O*/862O./<,6-=3=-0/
$@6:&("[$6)5/��j1>:�m"!Vn OV)�1D3Z62OV-�/<)�/ /<)�$@6;:�k., � -�/0)5:<3M/k/<-�C2,'@	)0/7k.";:>/k$6)5/0Q71.)�$?/k1>:.),/0)�1.$6),621
O.$61>/<,6)�1./8/Vk.)0/jFE6%/0&�)5/ k.-�&�/<,?3=)5/s"[1	O9"%/0"%C2/="[O.�.)?O./0-�&�-0k*)0:F3L/86B:F3 @J)5/01./<-�)0/ )53 123=,6$',?/0-�)0/�D a :.)
l�,6@J"%C%)FlW&562/0/<)0/0O	6;:>k )5:G/0)�"%$6,Q3=- �k1D:.) /01*/<FY"%&�) k.)hFE6%/0&�)h&56B:>/H3=";:F3=)%D �Y:_k.,?/H3=,?:.C21*)1k*)�1Em
&�$b"C/8/0)5/Xk.)W@�6Rk.)0/ 6%OV-�/="J3M62,'/0)5/ �>/H3="C3=,'Q71.)0/�)53Xk*�R:9"[@J,'Q:1*)0/�D
�� ���� ����� ��� � ��� �����������

i_";:D/k$6)I@76Rk.)�	�&56B:<3="%&=3�� �*,@/H3862/0,'Q71.)�@	)0:F3J$6)IO./0)�@J,')�/	/<-("%$',@/<- ����� � � 6B:�k.-530)�&=3=)�$')0/
FE62/0&�)0/Yk.)H&56B:<3="%&=3(D � RT,?:<30)�/="[&53=,?6B: O./86PMB6:Q71.)H1>:.) k.-! 9) mE,@6B:GQ:1.";/0,�3c/H3="C3=,'Q71.) k*1 $')�M:,6)�/ /0) 3
$@6B: $6" $@62, k.)]dX6R6 +%)%D �`:�OV)�1D3Ok.)�&�)53H3=)�@J";:.,���/0)k@	)0/<1./0)�/Wk.)5/LFE62/0&�)0/H/0-�O.1.$?/0,'M%)0/H&5621E3
$@62@L;.,')5:>:.)5/ �B,@6B:*,6Q71.)0/�)=3 k*) � "%1*$6, �i621$k.)0/!FE6%/0&�)5/fkaRT";k.�*-0/0,?6B:e)53+&("[O.,6$'$6"%,d/0)0/�"C3H3=/="%&=3=,dM2)0/
/0)�$?6B: Q71.)G$b" k*-! 9) mE,@6B: )5/H3�O	6B/<,?30,'M2),621 :.-�C2"C3=,dM2) �	#%$ A9C.D �*D�"���D � Rf,6@J"%C2)�/0,')e)5: @�6Rk.)
&06B:F3U"%&=3�OV)�1D3�#=3=/<)^/0-�"%$6,?/0-�)Yk*)`k.)�1Em#FY";P56B:>/ek.,���-�/<)0:F3=)0/ � �hFE6%/0&�)_&56B:>/H3=";:<30)`621�L�9"[1D3=)�1./
&06B:>/43U";:F3=)[D9i_";:>/?$')8O./0)�@J,')�/>@�6Rk.)8$b"h;	6%1.&�$')Yk.)^/<-530/86o"%&=3=,?6B:kM["[/0,6)8$6) k.-�O.$b"[&�)�@J)5:<3�$Yk.1
/0&("C:>:.)�/W"[1G&0621./H/`k.1G;9"[$b"(�o"%C2)hO	621*/_Co"%/Hk.)�/8$b"7k.-! 9) mE,@6B: k.1 $')�M:,6)�/8&06;:>/H3=";:<30)H)53^-�Co"%$')
�I$b"#M["%$')�1./^A*mE-�)JO9"%/W$\Rf1D3=,'$',?/0"C3=)�1./ �Y$')%	 /0)=3=O	62,?:<3&� ��D � "�M:,Q3=)0/H/0)7k.)	;9"[$b"P�o"[C2)K)0/43h$',6@	, 3=-�)
O9"%/H$')Z30)�@	O>/Wk.)�/0-("[&53=,?6B: AK:.,ek.)�$6"�;	621.&�$6)�� t ' 1ms ��D�i_";:>/K$') k*)�1EmE,���@J)�@�6Rk.)#$6)
/<�R/H3 ��@	)Ak*)^/0-530/86o"[&53=,?6B:�)5/H3 k.-0/0"%&530,'M2- � $b"hO	6B/0,Q3=,@6;:�$`k.1]/0&�";:>:.)�/ :.)_M["%/<,6)_O9";/�"[1�&06%1./8/
k.1#;."%$b"(�o"%C2)�)53>$b"W@J)5/01./<) k*)0/Lk.-' 9)�mE,?6B:>/Lk.1k$6)�M:,6)�/ O."%/s/0"%O.O	62/43�"[1 /0)=3=O	62,?:<3LkD6B:>:.)+1>:.)
,6@J"%C2)`k.)N$b"W3M62O	6%C2/="%O*�.,6)Sk.)N$\Rf-�&U�9"C:<3=,'$6$Q6B:aD *>)N@76Rk.)�)5/H38O.$61D/+/="[O.,@k*)�Q:1*)h$6)WO./0-�&�-0k*)0:<3
@k"%,?/�,6$ /�RT"%O.O.$',6Q71.)`k9"PMg";:<3="%C2)��H$\Rf,6@J"[C2)�/0,') kaRf-�&U�9";:<30,6$'$@6B:D/?OV)�1e/01*C21.)�1:m D� "^/0-5/86%$61D30,@6B: /0O9"C30,b"%$')Lk.1	@�6Rk.)�&06B:F3U"[&53j)0/43 $6,'@	,Q30-�)�"%1K/0"P�B6B:Ok.)?$b"($06B:.)Ik.)?&06B:F3U"%&=3
O	62,@:F3=)�3 -�&U�9";:F3=,'$6$Q6B:W$',6-�)j"%1EmWFE6%/0&�)5/ ";k*�.-0/<,'M2)0/�)53 �!$6"?FE62/<&�) kaRT"%O.O*1.,Rk.1N$6)�M:,6)�/�D�(f621D/ "(MB6B:>/
ME1 ��#%$ l �ED�
ED 
��_Q:1*)k&�)J/="P�B6;: )0/43 3��:O.,'Q:1*)�@	)0:F3hO.$61D/NC%/=";:>k�Q71.)J$b"]k.,?/H3U"C:.&�)J,?:<30)�/0"C3M6[3
@J,'Q:1*)%D *>)�&�,	:aRf)�mEO.$',6Q71.)!O9";/ $b"^/0-0/H62$6123=,@6;:)	�"C3M62@	,'Q71.)*�I62;D30)0:71.)+)0:J,6@J"%C2)�/0,')Ik RT1>:*)+$b"%/<C2)
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&�$b"C/8/0)]k.)I@J"C3=-�/0,6"%1Em!62/0Co"C:.,6Q71.)5/K)53J,?:>62/<Co";:.,'Q71.)0/ �Y&�/0,@/43U"%1:m ,@6B:*,6Q71.)0/ �v@	-53="%1Em)�v@J,'&(" �
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@J) � � O � 1./ � , � O �	� )�/ � )W/="[O.O � / ����� ,'C � "%$ � 1./�;./01*, � O*$61 � FY"PM � /0"%;.$') � �	#%$ � �*D &�
�� � � 1IO � 1./
� /="(M["%,'$6$d)�/h) � @ ��� ) � * $\RT"%@JO*$', � 1 � ) � ) � /="(M["%,'$ � -�O." ��� )e$6"%/0C2)�@J) � � $6) � " � � @ � � /0)%D � 1
& � 1./ � � )L$\R ��� &�,6$'$6" � , � � $6"kO � , � � ) � /0"PM2)�/ � ) ��� 1 � )L$b"JO9"[/ � ,')L" ��� /0"%& � ,'M2) � 1GO �	� ) � � ,6)�$ � Rf, � 3
� )�/0"%& � , � � ) � -�M2) � � 1.)�$6$')�@	) � �$��� 1.&U�.)k$b" � 1./<FY"%&�)#) � A � � )#&��E&�$6)[D�i_" � � $b" ���	� "%$6, � - � ) �
, � � -�C2/0" � , � � � � 1.@	-�/<,6Q71.) � � )	$SRT-�Q719" � , � � � �*D " �_$6) � F � /<&�) � � )KM � � ��� � � @ ��� -�$6, � -�) � O9"%/
$b"	F � /<@J) � � � 35/<) � "[/ � -�)� �*D 1 � D�*>)�OV) � � " � ��� ) � � , � -�/0) � &�) � ) m*, ��� ) � � � " � � $b" � ) � &�/0,'O � , � �
� ) � F � /<&�) �$� )#& � � � "%& � D *>)�&�,>) ��� �  "[1 FY"[, � Q71aRT,'$ � R � " O." � � )k@ ��� ��$')JC2- � -�/="[$ � )k$b"
@J-�&(" � ,6Q71.) � 1 & � � � "%& � O � , � � ) 35-�&U�9" � � ,'$6$ � � � 
 
��\D (!-(" � @ � , � � &�) � � /0"PM["[1Em @J) ��� ) � � ) �
-�M:, � ) � &�) � ) � &�"%/="%& � -�/0, ��� ,'Q:1*) � & � @	@L1 � ) � � " � � $6" � � � "%@	,'Q:1*) � 1#$6)�M:,6)�/�D * � @	@J)!O � , � �
� ) � -�O9"%/ � � � 1 � &�, ��� � � $6) � /0- � 1.$ � " ��� � )^$6"h/0-�FB-�/0) � &�) � 


� �a,6$'$'1 ��� /0- � �L$b"NA.C.D��*D'& 
ED � @	O.$',d3
� 1 � )+) � O*�9" � ) � 1k$6)�ME,')�/ ��� � � &("%$'&�1.$'-�) � ) � F � � & � , � � � )+$b" � , ��� " � &�)+O � , � � )(] � 1./<FY"%&�)+O � 1./
� ) � FB/0-�Q71.) � &�) � � Rf)�mE&�, � " � , � � "[1Em "%$6) � ��� 1./ ��� )K$6"#/0- ��� � " � &�)%D � )K@ ��� 1.$') � R� � 1 � C � ) �
@k" � -�/<,b"%1Emh& � @	O ��� " � � $b"^O � , � � )?) � $b" � 1./ZFY"%&�)�) ��� � 1.O*O �	� -+-�Co"%$')��W&�)�$6$') � )�$b" � ,6$',6&�)%D � ) �
& � 1./<;V) ��� RT"%O.O./ � & �.)W) ��� )W/0) � /0"%, � � )W& � � � &�, � ) � � O." � �L&("%1 � ) � )W$SRT�o� ��� -�/0- � , ��� ) � F � /0&�) �
" � �.- � ,'M2) � D

�E1 � � "%@J@	) � � $ � , � � )>$6" � 1*/<FY"%&�) (zc−A ' 10nm) $b"!O � , � � ) /0) ��� ) � � $6" � )�1.$')sF � /<&�) � )
M � � " ��� /="%& � ,dM2)6�[&�)�Q71.,*O./ � M � Q71.)?1 � ) � ,6@	, � 1 � , � � � )�$\RT"%@	O.$', � 1 � ) ) � 1 � )?"%1.C2@	) � � " � , � �
� ) O.�9" � )�O � 1./ ω ≥ ω0 ) � 1 � )eFY"%,6;*$6)e"[1.C2@	) � � " � , � � � ) A O � 1./ ω < ω0 D *>)�&�,8) ���
" � "%$ � C21.)+"%1EmkO./<-�M:, � , � � ��� 1�@ ��� ��$6)+�9"[/0@ � � ,'Q:1*)%D " � � 1*, � )81 � ) ��� 1 � "%, � ) � , � & � � � , � 1., � -
"%O.O9"%/0"�� ��� " � � $6) � ,'C � "%$ � RT"%@	O.$6, � 1 � )�Q71.)�$6$')NQ71.) ��� , � $b"KFB/<-�Q71.) � &�) � RT) mE&�, � " � , � � D)*>) ��� )



� � � � ��
 ��� ��� � ��� ��� � �	� � ��� ��� � � � � � ���  ��� � � � �	��� � �6�

���������
	 � ���� ������M~�V= $B6z���K�($�M%-z&#4c�±��6 �����c=>�(7 �(� HJ!#�3�($�=>!#� ��� �Q& ��=�4($>&��3�"�M%!#= �%$L�(;>4(6�7 HT&��"� !��o$L�(�%6%�"4±Mz&�7 7O."4c!#� 6�$�=>!#� �%6	�R.(7(=�
o6%� �����,+G��
cS�@�1S�� F SI��M�;M�7O!
�"-%�I�($x7O�($�7,&�= $��y4c!#�%$�= ����=�
o69."4�Mz&�7����"4���N"�"-%�"48@L��+ &(M�7ON"4P�Q&R7O.<HTS�ULY	�kZ F S

fi]�^0�ot��2dO]��1qi]QdOrªhT^0d8h��i�ot�m,h��is�qz^:_R`wm,p1qiroh©f%`��z^�s�hª^,]ev��%`�s�fih©�i�%`w^,h��y^0�~rT�o]�`�s�hT_8h��1d:��tuqim
ω ≥ ω0

p1q%`��if
ϕ
�%`�^0^,hIf3��q��zhI|im,`��i�"�ihI`wd,d,mO`��(dO]eb�h

(ϕ > π/2)
l8q��ih�|im,`��i�"�ihIm0ro�iqzs�^,]Qbuh

(ϕ < π/2)
�z§ ho�T]3ho^0d�sX`n^,]ev��%`wd,qim,h�fiqª�%`�^0^O`�v�h�f���q��©m0rovu]e_8h�fzh�{<t�m,�ohT^�`#d,dOm,`��Td,]ebuhT^P��_8t�fih

��§�£ l�q���`�qzdOm0h8m,rTvu]�_8h�fztu_ ]��ir:�%`�mnfihT^n{<tum,�Tho^�m0ro�iqzs�^,]Qbuho^R��_8t�fih�� §�£ ��p�qz]�]��ifiqi]e^,h��2d
q����otu_8��tum0d,ho_8h��2d)|i]�^[d"`�|zs�h�fih5s>��tu^,�T]�s�se`wd,hoqzm �! �¯ �  �¢ � �c¯u¡
�>�
¬�`��z^�s�h��o`�^x�is�qi^�vur��zromO`ws>�1�Ttu_ �zm,h��i`��1dxs�hT^x^,qim[{�`��ohT^�_ tu]��i^gm,]evu]�fzho^

(Esurf < 1GPa)
�

" `�m0��#�`�hTd%$z`��'&�`wqis�t �( �¢w� t��2d�_8t��2dOm,r�p1qihg�ThTd0dOhgfi]e^,�Tt��1d,]��1qi]ed,r)����ho^[d��%`�^¨h¤¦z�Ts�qi^0]ebuhT_ h��1d�sX`
^,]�v��%`wdOqzm,hgf3��q��zh�d,mO`��i^0]ed,]�t�� ��§ → � § _ `�]�^�hoses�hy]��ifi]ep�qzhgs�hy�%`�^0^O`�v�h�f���q*��rTd"`#d�f���t�^,�o]es�s�`wdO]Qt��
fitu_8]��ir �i`�mRs�hT^R{<t�m,�ohT^©`wd,d,mO`��(dO]eb�ho^ ��^O`��i^ªtuq `cbuho� �Tt��1dO`��Tdª�i� � ^,]ep1qih h��2dOm0h ��t�]��1d,h±h(d
ro�"�%`��2dO]�ses�t�� £ l±q*� `wqzdOm,hRfztu_8]��ir8�%`�mI�Thoses�ho^�m,rT�iqise^,]ebuhT^ �,+ ��vur��zromO`wsxt�� ��hoqzd*fi]�m0hRp1qih
s�hR^,]ev��%`�s�fih©�z�%`�^,hª��hom,_8hTd*fit��i�ªfihªfi]�^[dO]��zvuqihTmIh��2dOm,hª_ t�fzhªf3��tu��rTmO`wd,]�t�� ����!��"&������R�(�%$
`wd,d,mO`��(dO]e{�tuq�m,ro�zqis�^0]e{ �

-¨tum,^0p1qih*sX`8��tu]��1d,hndOtuqz�¤�ihIsX`8^0qim0{�`��Th��3`�_8�is�]Qd,qifihnh(d��i�%`w^,h*firT��h��zfih��2d5fiho^��im,t��im,]eh(�
dOro^Pb�]�^0�ot�rTsX`�^[dO]�p1qihT^5hTdn`�fi�irT^,]Qbuho^nfiq �Tt��1dO`��Tdn��t�]��2dOh/.#ro�"�%`��2dO]�seset�� ���c¯u°#� `�]��i^0]�p1qih8fzh�sX`



� � � � ��
 ��� ��� � ��� ��� � �	� � ��� ��� � � � � � ���  ��� � � � �	��� � ���

������� � � �����	��
��� � � � � & � 1 ��� ��������� 
 � ��������� � � � � ������� � � ��� 
 � � � � �� � � � � � � ���! "
����� � 
 �  �� � � � �
$ ��� �# � ��� � � � ��� � 
� � �$� ��� ��� � �&% ������� ��� � � � � ��������� � � �' ��( � �'
 � � � ��� � � � � � � � � ��� � � � 
 ���� � ��) 
�� � � �* � � � � � ��� � � � 
 �+�,��� � �- /.�� �����#� �#0 �  �� ���	� ������ � � ���"
 �- � 
� � �&0 � ��� �!� � � �  ��!

������
���� � � � � 
 � � � ��� � � � � � � � � ��� � �$� � � � � � ����� �1
 �����$� 
 � ������������ � � � ���	� 0 ��2 � � � � �&� 
 � � � � �� � � ���! � � � � � � ��� < 1

� &�� � �3�
( ����� � ����� 0 �- � 
 � ��� � � �$� � � ��� � � � � ��� � 
 �4�5� � � � � � � �  � � � �  ����� �� ��� � ) � �����6
 �(7 � �

�	� &�
&� � � ��� � �1�����"
 �  � � � � � � � � ω ≥ ω0
� � � � � �1� � � ��� �  � � � ����� � � � � � 
�
8� � � � � ����� ( * �

��� �  � ���� (� � ��� � � � 0 � � ) 
�� � � � ��� � )5� � � � � �	�(
 � �� 9. � � � � 
�
 � � � � � � � � ����� � � � � � � ��� � � ) ��� ����� � � � � ����
�#� � � � ��� � � � � ���:� � � ���	� ("* 
 �;� � � � ������� � � # � � � ����� � �- 9.	�!�(
� � 
��� � ����� � ) 
�
���4
 � �#� �#0 �  !� ��#%$ �!� � �&� � � � � � ���	�4
 � � � ��� � �  !� znc→ic

�	�$� � � � � � � � � � ( * → � *"� �  � ���#�
��� ��� ��� � 7 ��� ��� � � �  � � � � ���<
 �=) ���	 !
� � �+� ����� � � � ����� � � � �:� � � � 
 �=� � � � ��� � ���#�>��� �����
������ /.�� � 
 � ��� �#0 �  !� �  � � ��� � ���!

�� � � � � � � ���#�?
 ���  � � � � �	� � 0 � �  �� � � ��.�� � � ��� �1
�'
��� � � � ��� ���#�� �@� � ��� � � � �,��� � �	� � ��� ��A*� � ����� �B� � �	� 7 ��� � � � � � ��� � �� ���	�� � 
�
� � � � � � �(
� �����!�-% � ����� �
� ���� � ��� �  � � ��������� �  !���	� � � � ��� 0 �  ��� � � � �?
� � � �C� � � � ������� � � ��� ��� . � � � &�� � � &�� � �3� � ��� �
� ) ��� ����� �	� �D � � � � � � � � ��� � � �C� � � �#� � ("* ��� ��) 
�� � � 
 �C� 
 � � � � ��� � �  � � ��� ��� �D ��� � ) � � A(d)� � ϕ(d) ��� � ����� �  # � � �D
 �4� 
����E� ��� � �	��� � �	��� � ) 
�� ��F� � ��� ��� � � ��
 � � � � � � � � � � ��� ����� � � � 
G� ��� � ����� � ) 
��� � � ���#� � � � 
� �H��IG� ������� � � � � � �#� � ��� �� �� � �	� ����� � ���C
��J� � � � � � � � � ��������B
 � � � ��� � � � ������� � 0 � �  �� � � ��� � �  � � ��� � � � � �1
 � � � � � � � � � � �
("* → � * � &���" �3� � � � � � ���	
 � � ��� � � � � ����� � �:��� � � � � � � � � � � � � � � � � �	� 0 �  ����� � ���C�-� � 
 � ���
���K
��J� � � � � � � � � �-�	� ���$
 � � � ��� � � � ��� ��� � 0 � �  !� � � ��� � �  � � ��� � � � ��� � ��� � �4 � � � � ��� � ��) 
� � � � �
znc→ic ��* �! � � ��� � � ��� � � �80 � � 
 � � � � � � � �L � ��� ��� �	� � �&� &�
�� � � � �	�'&�&��J��� � 
��M
��J� � � � �#� � ���	� � �- /.��
���$
 � ��� �#0 �  �� � � � � �$��� � � � � ��� δzc

� ��� � Q � � F ′ �#� � � ����� � � � ��� � � ��� � 
 � � � � � � �#� � � �
� �+�,�$� 
 � �����	�;� �������!
�
�;����� δA > δzc

� �>
 �=� � � � ��� � � ������ /.�� �5� �D
 � ��� �N0 �  !� � � � � ���#�
� ) ��� ����� ��� � 0 �  ���!� � � �	���-� � 
 � ��� � 
���>��
��J��� �(� � � � � � � � 
�
 � � ���������D� � ��� � � � � ����� � ) 
� � ���� � �#� � 
 � � � � �H� � � � � � � � �  � � � � � �	� � � � ����O � ��� � �J%& � ��� � 
�6
��J� � � � � &�� "��3�P � �� � � � � � � � � � � � ����� ("* ��� ��) 
��B� ��� � ����� � ) 
��'� � � A � � � � �! ��� � � � ��� � 0 � �  �� � � 
����� � ��� � �#� �<�����* ��!
�
� � ���=���	Q � ����
�
� �4�-�	�*
�� � 0 � �  �� �<�!
�! � � ����� � � � ����� � � &�� 
 ���SR � � � �����#�
�� �" � �T
 � �#� � 
 � � � � � � � ��� � � � � ��� � ����� 
 � �����	� � � � �	�� � 
�
 � � � � �*0 � ��� ��� �#�:
�� � ����� � � � � � � � � � � �
("* � 
 1 � 
�� ��& � � ��� ( ����� � ��� � �?��� ���8U �B !� � � � ���	
 � � ��� � �$ ��� � ����� � �	�1�9% � � ��� � �  �� � � � � �$� �� � �#� � � � �� 9. � � � � 

 � � �4
 � �-� � ��� � �	#%$  /. ��� � � � � ��� � � � � � �J� � ��� � �J� � ��� � �����#��� � � � ��� � )5� � � � �
����
 � ��� �N0 �  !�<
 � ��� � ��� � ���#� � ��� � �>�#� � 
 � ��� ��� � 0 � � ) 
�� � ����� 
 � �����	� �6
 � ) � � � (A0 < 10nm) �
��� � 0 �  ����� � �����<��� � 
 � ���4�!
��J��� � (Q ∼ 500) � � �	� � � � � � ��� � � ���� �� �V� � A � � ���< ��� � ) � � �
�-� � ��I � �6� � ) � �  � ��� � � � � �H� � � � � � � ����
�� � � � � 
 � ��� � � 
�T� � � � ��� � � � ��� ��� � 0 � �  !� �����6� �&Q
(R ∼ 50nm) � �L� U5� � �	�'&�� � 
�
8����� � �H� � �� ��� � ) ��� �+�,��� � �- /.������ � � � ��� ) ��� � � � ��� � � � 2 �����
� ����� � ��� � � � ) ��� � � � � � �6 !� �D � � � � � � � � �T� � � ��� � ω & ω0 �+� �  � � ��� � ���;�����<
 � � � ���� �W#X��"
/0��F���1���HY%�F���!9='=�HZ��0��4 &
/�9Z�'=�'=�N[/�]\=��9"
 '=-:Z���2A������; 9"6/6>9"����-!
!�#Y5�$
&� �JY56^Z4�43/�%�F� '=��6/�/�"0��"; �$01����]_ ��
/`G�$�	����'!�"
/0aZ������4� �F-!�4��'cb �]\!����� �B���49&
C'=�?) ��dF9"
Te5���$�9Z��@01�$� -!
/�?���F����9.�"�	����9"
 6>9&0��4����2"�"H



� � ��� � � � � 
 � � ����� ��� �	���	����� � ��� � ��

	 ���	��� � �� � ��� �%�	� � �

�������������������� � �"!#%$'&)(+*-,/.0&)1324$'&65�/�78&)$'78(:9;,<&8!8=+2�>:,?.0&)1324$'&8!2/�$'78&)$'#'#A@B9C*4(�#A,<D:$E,<1
F #3G 2H!I!1#/�5J=8,K*LG (M7
,N><(M1'OP2-5J,Q*-,SRT$VU

2
.
ν0 = W�X-Y:Z\[H] Q = X-YIY ,<&/^ 0 =

5nm
9`_baL2c1d@d*4(T5<&�$H/�7e*�G 24�"!#%$'&�(+*-,f,J><&/*4(8,g$'78$'&�$)24#A,<��,<78&?24(ihc>:,<(�#A,J>jOA/�1d5J,J>

24&)&�132-5<&)$'Di,J>k.0�>/l*-,nm;op9 ] !(M$A>�(�7
,b>Q/�(+*I24$'7
,\*4$'�q$'78(M&)$H/�7g*-,r!8=+2�>:,�!2/�(M1 A '
1nm

�s241 �t(8,/#u2�&�1d247v><$'&�$H/�7cDi,<1J>?#A,?�>/l*M,jw�on_

xdyAzi{Q|�}�~4�s�v�Ay�xd�+|v���t��x�|+�+�s~i���Q�3�t�+�A�t�/��z`�3�t�P��~4x�xd�d~4�tx3yu�`�P�
(ϕ < π/2)

���+�C�v{+�s|+yu��xJ~4{+�P�
�Pz`���8~i�3~i�+�u�C�

A0
 ���v���d~i{Ixd���z`�+� yA�s~i�`�t�\�t{c��zM|+�C�k�j�p�rz`�v�

d ∼ 1nm  z`{f�`�P�3y��8�C��~
xd�d~4{+�3y�xdyAzi{K��� → � �  �tz`���s���t{Kxd�P��z`yu�`{+���u�;�d~4�vx?|+�;�+�8~i���q�`�t�3�?�A~��+�d~i{v�H�+�q�3�t�+�+�u�3yu�`�
(ϕ < π/2)

�L�6}�~i�u�A�+���q{vz`{��B��z`{vzixdz`{v�q|+����yA�`{8~4�6|+���+�8~i���s|+~i{+�/�A~ �8~i��x3yA��~4x3x3�d~i�<xdy��`��|+�
��~s�Pzi�+�3��;�P�¡x?|v�+�q�g�A~s|+yA���3yu�8~4xdyuz`{S|
}¢�t{+�P���`yA��|+�K�A�<�MyA�P�j�8~i�"�tz`�s�v�3�P���3yuz`{c|+�;��~s�Pzi�+�J�+�
|�}�~4yA���tz`{v�8{v�P�/�t{-x3�3�?�u�k�tz`�3�v�\|+�£�A�t�Myu�P�/¤��<x\��~;�z`yu{-x3��¥n�tx\�A�����+�+��x3�d~4xP�p�b�tx�xd�?|+yu�3�3yu�8~4x3yAz`{
~i�+�`���P{Ixd� �Azi�3�3¦-�+� �E}§�P�8~4yA�3���P�+�n|+�j��~?�tz`�+�J�+�"|+yu�syu{-�+�/¨ � 	  � ��© ¤��i}§�P�¡xª�/|+yA��� �Az`���3¦-�+� �A� �u�<�
��yu�P�b�P}¢~i�+�+��zM�J�+��|+�"��~/�3�+�¡��~i�t��¥H�v�«~i�b�Pz`{v�3�P¦-�+�t{-x\�A� |+�P�+�+~i�d~i�i��|+�g�u�t�MyA�t�b|+yu�syu{M�v�i�M�jzi�+�
~i�A�uz`{+��|v�txJ~4yA�A�u�t���t�/�3~i�+�z`�¡x �t{-x3�3�/|vyA�3��yA�8~�xdyAzi{ �tx |v�P�+�+~i�d~i�i�/|8~i{+�\��~;�3�t�tx3yAz`{f���+yu�4~4{-x3�i�

¬�3® ¯±°l²L²�°<³S´�µL°P¶;· ¸º¹0» ·g¼�½«¾/°t¼¿¼�µÀ¸g»ª³NÁ£´C²L´k¾C¼Â¸fÃ Ä<¼�Ås°t¼�½

Æ {f~4�vxd�3�k~:�4~4{-xd~i�`�kyu�s�zi��xJ~4{-xÇ|+�P�ª�szM|+�t�ª|vÈM{8~i��yu¦M�v�P�ª�P�¡x �A~;�z`���3yA�vyA�AyÉxd�"|v�?|vyA��x3yA{��
�`�+�P�Ç�t{-xd����yA{Ixd�t�d~i�<xdyuz`{+�b�z`yu{-x3�<�B���+����~4�P�"|+�jxBÈ����|+yu�3��yA�8~�xdyu���<xª�tz`{+���P�¡�4~4xdy��V�8�bz`���s�j{vz`�+�
�E}¢~:�`z`{v�L�M�  �A�t��|+�t�l~i�A~i�`�t�r|v�b��~����3�P¦-�+�t{+�P�Ç|+�n�3�P��z`{8~i{v�P�Ç|v�b�E}§z`���Pyu�A�A~�xd�t�+�Ê�3z`{Ixr�+�3z`�zi��xdyuz`{��
{+�P�u��~4�º�i�d~i|vyA�P{Ix/|+����zi�3�P��|+���zixd�t{-xdyu�P�Ë|
}¢yu{-x3�P�d~4�txdyuz`{Q|+zi{+��~i�M�Q��zi�3�P�t� 5�/�7v>:,<1HD424&)$'Di,J> �
�jz`�+�;~l�`z`{+�C�M�Ì~4�+�3��yÇ¦-�+���A����~4�txd�t�+��|+��¦-�8~4�Ayux3�

Q
|+���)}¢zi�3�Pyu�A�u~4x3�P�+�?�P��x;�+��z`�z`�¡xdyAzi{+{+�P�

~i�Í�PzM�<�s�tyA�t{-xs|v�f|+yu�3�3yu�8~4x3yAz`{Î|+�Í��ÈM��x3ÏP���f�A�t�Myu�P� � �syu��yu�t�Ì�H�Mxd�P��{+� � �z`yA{Ixd� � �3�+�¡��~i�P�4�b�Ê�P�
�3z`�+���P�t�C|+��|+yu�3��yA�8~4x3yAz`{c�3z`{Ix/�P���3�P{Ixdyu�P�A�u�P���P{Ix/~i�Q{+zi�q�v�3�q|+�qxd�3ziyA�;Ð6Ñ�¥ ���3z4x3xd�t�s�t{-x3�?yu{��
xd�P��{+�P�n~4���A�<�MyA�P� -Ò ¥L���3z4x3xd�t�s�t{-x6�IÈM|+�3zM|vÈM{8~4�syu¦M�v�P�Ë|+�v�n~i�;��~iyux�¦-�+�\�u���A�<�MyA�P�«z`�3�tyA�A�u�Ç|+~i{+�
�+{f�syu�uyu�t���g�<�Mxd�t�3{+�?�MyA�3¦-�+�t��� pÓ ¥Çyu{-xd�t�d~i�<xdyuz`{+��yA{+�t��~i�¡xdyu¦M�v�P�ª�P{Ixd���/�z`yu{-x3�k�tx �3�v����~i�t�i�



� � �������������
	��� ����� � � ������� � ��� � � � � 	 	���	 ����� � ���� � ��� ���

0,6 0,8 1,0 1,2 1,4
0,0

0,5

1,0

φ

0

π

δQ

δω

π/2

ω/ω
0

A

��� �!#"�$ �
% �'&)(+*�,.-0/�12-�3547698�-�:;8�47<�:=-06 �7>?/@��?-�:A-0/�1?@B:�:0@�C�>?/D@��?-�:E:0F�6HGB-IC�@J8K12-
69L�:=47<�>?<M8�-N-0/O:0F�6PGB-I:0@RQ?<�>?GS12-TC�U�>7:=-V1?FWGB-��=@J-06YX�Z#<M-[@\<�/]-06^>�80/@J47<+L0GR>7:0/@�
_F`-
@\<�1?F�@\/aF�<H12L�8�>?GR>=Q2-�12-�GR>b3c69L�
_F`-0<M8�-d12-e6�L�:=47<�>?<M8�-O/f>?<�1?@B: 
_Fbg F�<M-�@\<�/]-06�>280/@J47<
1?@B:�:0@�C�>?/D@��?-
C�694 �?4�
_F`-OF2<M-d1?@��V@\<�F2/D@J47<h12-

Q
XbZ#<M-d12L0/]-�80/D@J47<Ii�jk-�:0/l:=-0<�:0@m_GB-

>?F?no12-0F?nA8�47<�/D6c@m_F2/D@J47<;:0@\pVF�Gq/f>?<ML0pr-0<�/tsf@J80@
F ′ > 0

-0/
Q = 100 u X

+ �)vxw��yw_z�{?|.|B{~}yz��Y�h���_z^�W���?�yz��Y���Y�^� �ywYvx|B��vx�5{��y|��;�Y�K}��Y���K�0�9z��W�_���y�^�B�ywYz�wY���Y�x�N�h�
�_���y����{��'�9���%-�{K�y�_�������_�N�N}��_���P�0�9z��h{?���������N���y���E����wY�E}y{?z��c���_�N}y|B�E�����9z�{=��{��B|B|�{��'�����x�y�
�y|���z9{=�2���y�?��-�{��N�_����z��A�y�

Q � �D������|B{�|B{?z�v?�_�yzV�y��}��B�K�y�Az�w_�^����{����_�;�y��|��Y�2���_z��I���x�yz������
�y���y���y�Y�t�������xz^�r{7�9�R���y�e���yz�|B�Y�����xz��Y�_��}��x���'�9�c�]����z^�{?�Y�h1?@B:�:0@�C�>?/@\�?-�:0���e�Y�_��{Ew0�9w�z9{�z��_�N���'�
�0��}y|B�?���9w���{��y��|B�d}�{?�^��wI� �x�=¡7¢D�¤£T�x���¥z^�_�h{?z�¦¤�y�����¥§�|J¨�{?���y���y�t|B{.©yvy�¤ª��R�5«�¦¤�y�t|¬{.�ywY���_�0�9�B���
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Q
�0�.¯y�I}��_z��N�Y��}�{����y¯y�

�h�Y���yz^���^w_}�{�z�w_���y�Y�����xz��Y�_��w_|B{?�^���B¦¤�y�Y���Y���2�B�^¦¤�y�_�y�^�_��±7�
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P̄in|¬{�}y�y�����9{?¯��_�.�N�=·x�_¯y¯y���^�yze�y¯H�Y·2�_|����a¨��?���_��|B|B{��9�R�x¯E���x�yz^¯y�B�T{?�H|��Y�2�B�YzO}�{�ze|D¨��c���Y���9{��9�Y�yz ³
P̄0|¬{�}y�y�����9{�¯y�_���y�B�^���B}�wY��}�{�z�|��b|B�0�2�B�Yz
�Y�

P̄int
|¬{�}y�y�����9{�¯y�_���y�B�^���B}�wY�¥{?���_�?�yz����y��|J¨µ��¯¤�9�Yz9{?�0�9���x¯
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�_�^�tw_vx{?|B��§V�_�Y|B|����y�B�^����}lwY���y�x¯��43

P̄in = P̄0 + P̄int.

�e�x¯y�����yw_z^�x¯y�r��¯ |��Y�2�B�Yz (5b® � Q À 1
�V�0���_�R�9w�§´|¬{�z�wY���x¯�{�¯y�_��¦¤�y�T��¯¤�9�Yz9{?v?���N{=�x�Y��|¬{

���yz��{?�_�¥�y�¥|D¨�wY��°�{?¯¤���B|�|��x¯��0�S����}y}��x���?¯y�S¦2���O�^�x¯I�N�x���x�_�N�Y¯¤�#z��Y�^���O�^�B¯2������6J��{?|'�Y¯I}yz��Y�h���_z^�
{?}y}yz^�=���B�h{������x¯ {5�x�_�H�y¯y�o{?�N}y|B�R���y�y�

A
�È�e�_|B{W�^�H�xwYz���©y�H}��x�yz[|��r�N�2�y�r¯y�x¯y�Y�x¯¤�9{?�Y�V�0�

}��x�yzI|B�h�N�2�y�N�9{?}y}y��¯yv87]|BwYvx�_z:9 � �?¨µ�_�^�V§����Bz��N¦2�y{?¯y�+|D¨�{?�h}�|��R���y�y�N�y�h��z9{5��{?�B|
Asp . A0{?�h}�|B�R���y�y�P|��B�yz^� ³ 8�3´©yvy�aª��R�<;x�0�M².{?¯����Y�_���_�x¯y�����9���x¯y���?¯�{

P̄0 = kω0A
2/2Q

�Y�
P̄diss =

kω0AA0/2Q
³
A0

w0��{?¯'�#|J¨�{?�N}y|��R���y�y�È�a¨µ�x���Y�B|�|¬{������?¯��Y¯I|J¨�{?�y�^�_¯y�Y�¥�a¨µ�B¯'�9�Yz9{?�0�9�B�?¯a��=�¯��x���9���_¯'�
�y�x¯y��|J¨µ�c��}�z��_�^���B�?¯;�^�y���7{?¯¤����3

P̄int =
kω0
2Q

(

A0A sinϕ− A2
)

,

¦2�M¨��x¯A}��_���tz�wYw_�Yz��Bz^���_¯K���x¯y�0�9�B�?¯K�y�
ϕ
3

sinϕ =
A

A0
+
2QP̄diss

kω0A0A
. � ª��R�=ª'�

>�¨µw_¦¤��{7�9�B�?¯ � ª��R�=ª'�;�h�?¯¤�9z^�+¦¤�y� |B� ����vx¯�{?|P�y� }y°y{?��� ³ �Y¯yz��Yvx�B���9z^w �����[�y|��9{?¯ywY�N�_¯¤�¶{?���
�B�h{?vx�Y�P�y�H���x}��xvxz�{?}y°y���H§

A =
�Y�x¯y�^�9{?¯'�9� ³ �Y�^�E}yz^�x}��xz^���B�?¯y¯y�_|e§W|D¨�wY¯y�_z^vx�B�r�y��������}�w_�H}�{?z

|¬{�}��?�B¯¤���?�?>
�A�9�Yz��N�;wY|¬{?���9�B¦¤�y�
A/A0

�9���_¯'�h�_�x�N}��9�A�y���yw_}y°y{?�9{�vx���y��|B�Y�2���_zN�A@ {?���
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2 )k'*?,7:9;/ 1 'K-D7:/D?>9iH,JD7:/D9GTV6B)4'K)O7m/0+y7NAE'_7:/DTj5	JD9:'K7G?>9G/eH>/FAB' +;=WAB?}7:6B=*) J C�A)_ | C P&j L | , ?,6	)>/H>=W687m54'*+iH>JD54'*+;+G/09N?>)>/b-D/09y73'*68)>/est'*AB/D?>9i-D9G6d7:6 , ?>/eH,J05	/0),H4'*)O7<H>/FAE'[AB=*)>XW?>/D?>9mH>/FAE' -324'
aE)>/
'*AB685>24'K7G6 , ?>/ ;

Tc ∼ 18◦ - 5	=W?>9@AQP U�V F DSa�Yb/0+@7:/DTj5	JD9:'K7G?>9G/D+m/0A8/DsWJD/0+ 1 'gsW=W9;6B+G/D)O7@AE'_9;Jg'*-S7:6B=*)
/0)O7G9G/[AB/D+I+G68AE'K)>/0+12 / H,9G=WA / +;J0+e/0)�+G=*AB?,7G6B=W)w'*?wH>JD7G9G6BTV/0)u7IH>/[AB'L+;?>9 1 '*-D/*a
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X /0+k+G?>^>+y7:9:'t7:+"?,7:68AB68+;J0+j5	=W?,9kAE' 1 =*9GTj'K7:68=*)vH>/0+ F N � +"H>/ U�V F +;=W)O7"H>/D+"54'*+;7G6BA8AB/D+
H>/[+G68AB68-068?>T -0=*?>9:'KTjTV/0)u7I/DTj5,AB= / J0+IH>'*)>+IAzPo6B)>H,?>+;7G9G6B/bJ0A8/0-D7G9G=W),6 , ?>/*a�� A�+DP 'KXW6871H>/[+G?>9 1 '*-0/D+
5	=WAB68/0+m+;/0AB=*)kAE' H>689G/D-D7:68=W)j-D9G6B+y73'*A8A8=WX*9:'K5>2>6 , ?>/ ; CECEC D.54'K9iH>/0+NTVJD7G2>=ZH>/0+i-M2,6BTV6 , ?>/D+i/S7<TVJ�R-g'*)>6 , ?>/0+ J C P C!L a N 5,9Gl0+15	=WA86B+;+:'*X*/*|}-D/0+1+G?,9 1 '*-D/0+I+DPR=FO / H,/0)u7F)>'K7:?>9;/0A8AB/DTj/D)O7N54'*9</�O}5	=W+G6d7:6B=*)3 AzPo=[O / XWl0),/ 'K7:TV=W+G5,2>J09;6 , ?>/_/D7I+G=W)u7e-D=W?,sW/D9;7:/D+eH%PR?,)>/ -D=W?>-32>/[H>/[+G68AB68-0/('*Tj=*9G5>2>/(H>/ ∼ 2
nm

HnPRJD54'*68+G+G/D?>90a X 'L9G?>X*=W+G6d7:J_H>/D+e54'*+y7:6BA8A8/0+<H>JS7:/09;Tj68)>J0/_54'*9 N�
 � /D+;7eH>/
3÷ 5Å a{F=*?>+1'gsW=W)>+<+G?,68sZ6n/D)�H>JD7:'*6BA	AB'Y5>9G=Z-DJ0H>?>9;/_H>/b+G6BAB'*)>68+:'t7:68=*)jH>J0-D9G687G/(54'K9&%N9G=*+�^ ] 'L/S7I'*AQa

J C P�j L -D=WTV5	=W+GJD/(/0+;+G/0)u7:68/0A8AB/0TV/0)u7<H>/bH>/0?^O"JS73'*5	/D+0a X '`5,9G/0TV6BlD9G/F/0+;71AB'Y5>24'*+;/(H>/(H>JDXW9:'*68+
R+:'*XW/_H>/D+e+;?>9 1 '*-D/0+eH,/[+G68AB68-0/b54'*91?>Ad7:9:'IR +G=*)>+1'*?w-M2,AB=W9;= 1 =W9GTV/K|,+;?>68sZ68/_54'*915,2>=*7:=Z=FO / H>'K7:68=W)
/D7 =[O / H4'K7G6B=W)[-M2,6BTV6 , ?>/.H,/0+ 6BTV5>?>9;/D7GJ0+f=*9GXu'*),6 , ?>/0+ ; /PO}5	=W+;687G6B=W) '*?^O 2(' 5	/0)>H>'*)O7 K j TV6B)na5>?>6B+N6BTVTV/09G+;6B=*)kH>/ P TV68)%aZH4'*)>+1?,)wTVJ0AB'*)>XW/ 1 9:'*68+ ;

7 : 3
D T

2 F U 4 ) T 2 U 2 DSa X '`H>/0?^O}68l0TV/JD73'K5	/F/0+;7N-D/0ABA8/eH>/F+;6BAB'*)>68+:'K7G68=*)V5>9;=W5>9;/0TV/0)O7iH>6d7:/*|u54'*9m6BTVTV/09;+G68=W)xH>/0+i54'*+y7:6BA8A8/0+@H4'K)>+i?>)>/
+G=WA8?,7:68=W)�H,/ C T � H%P U�V F ; 
 A8?�]t' hWh#* DNH4'K)>+I?>)wTjJDAE'*)>X*/(H>/_7GJD7G9:'*-32>AB=*9G?>9;/_H>/_-g'*9;^	=W)>/
/D7"H%Po2>JPO,'*H,J0-g'K)>/ ;

3 : 7
| F 6BXWTj' hWh+* DMa X P U V F ' JD7GJ H>68+;7G6BA8A8J [ ?,+;7:/ ' sK'K)O7"?,7G6BA868+:'K7G68=*)

73'*)>H,6B+ , ?>/ A8/0+I+;=WA8st'*)O7G+I=W)u7eJS7:J[?,7:68AB68+;J0+1+G'*)>+e5,?>9G6Mf4-g'K7G6B=W)�5>9;Jg'*AB'*^>A8/*a
Nh/0),H4'*)u7iAB/15>9;=Z-0/D+G+G?>+iH>/I+G68AE'*),6B+G'K7:6d=W)%|KAE'b7:/DTj5	JD9:'K7G?>9G/IH>/IAB'_+G=*AB?,7G6B=W)L/D+;7iTj'*68)O7:/D)Z?>/

3 ?>)>/i7:/0TV5	J09G'K7:?,9G/NH>/ _ ◦ - =W5,7G6BTj'*A8/m5	=*?>9CAB/iXW9;/'bn'*XW/Ka X /0+C7G/0TV5>+CH>/N9GJg'K-D7:68=W)`/0TV5>AB= / J0++G=W)u7LH%Po/0)usZ6B9G=*) C j Tj68)%af/D7 C 2 K j Tj68)%ada N 5>9GlD+LAB' 9GJ0'*-D7G6B=W) AB/D+`54'*+;7G6BA8A8/0+Y+;=W)O7\9G68)>-0JD/0+'*?^Ok?>Ad7:9:'IR +G=*)>+iH4'*),+ -Z- A 4 5>?>68+N+;7G=Z-�]*JD/0+ 3 AQP '*6890a X /0+<TV=W)>=Z-D=W?>-32>/D+1'*6B),+G6	=W^,7G/0)Z?,/0+<+G=W)u7+;73'K^>AB/D+ 3 AB=*)>X_7G/09GTV/*a N st'*)O7mAB/D+@TV/0+;?>9G/D+mH>/ITj=W?,6BA8A8'*X*/<54'*9 N�
 � A8/0+@5>'*+;7G6BABA8/D+.+;=W)O7m-D=W? R
5	J0/0+1+G=W?>+ 1 =W9;Tj/bH,/_-g'*9;9GJD+1H%PR/D)OsZ6B9;=W) C TjT H,/_-0=*7GJ*|,)>/D7;7:= / JD/0+e'*?SO�?>Ad7:9G'MR +;=W)>+N5	/0)>H>'*)O7
K TV6B)%a}5>?>6B+19:'*5,6BH>/DTj/D)O7I5	=*+G687G6B=W),)>J0/D+IH4'K)>+eAB'L-D/0A8AB?>A8/(H>/[)Z?>-DABJ0'K7:68=W) ; sW=W6B9<-M2>'*5>6d7:9G/ A DMa
,.-0/21435-76�829;:<9�=+>@?A-0BCBEDF/<=+9�:29�G0DH=+?A8I=@J29

{F=*?>+ 'gsW=W)>+f/D)>+G?,687:/ sW/09;6�f4J.AE' , ?>'*AB6d7:J H,? XW9;/'bn'*XW/.5>'*9�H>/D+fTj/D+G?>9;/0+fH%P N�
 � /D7fH%PR'*)>XWA8/
H>/j-D=W)O7:'*-D7YTj'*-09;=W+G-D=W5>6 , ?,/*a X P N�
 � )>=W?>+ Tj=*)O7:9;/ ; f4X>a P a C 'MR HGD , ?>/jAB/0+[+G?>^>+y7:9:'t7:+Y6BT"R
Tj/D9GXWJD+ C j TV68)%aC+G=W)u7j-D=WTV5	=W+GJD+VH>/wH>=WTj'*68)>/0+ 1 9G'*-D7:'*AB+\H>/w7:'*68ABAd/ ∼ 2µm

+G/05>'*9GJD+j54'*9
H>/0+ ^0=W),/0+`H>/j2>'*?,7:/D?>9Y5>A8?>+ 1 '*6B^,AB/ ;

δz ' 8Å DMa - /D+`9GJD+G?>Ad73'K7G+Y+;=W)O7YJ , ?>6dsK'*AB/D)O7G+ 3 -0/0?SO
=W^,7:/D)Z?>+Y54'*9K%N=W?,9GH>68/0? /D7\'KAza J C P V L a X Po6BTj'*XW/LH>/j9G/S73'*9;H H>/j5>24'K+G/j/0) f4X>a P a C -VTj=W)u7:9;/J0Xu'*A8/0TV/0)u7j?>) 1 '*68^>A8/w-0=*)O7:9G'*+;7G/ ;

δϕ ' 0.5◦
Dx/D)O7G9G/ AB/D+ aEA8=*7G+x/D7kA8/�9G/D+;7:/ H>?&+G?>^>+y7:9:'t7ga

- /0+e68Tk'KXW/0+N7GJ0TV=W68XW)>/0)u71H%Po?>)>/[-068)>JD7G6 , ?>/_H>/ 1 =W9;Tk't7:68=W)"H>/[AB'\-0=W?,-M2>/[54'*91)O?>-0A8Jg'K7G6B=W)�/S7
-09G=*6B+G+G'*)>-D/`H>/YH>=WTj'*68)>/0+ 1 9:'*-S73'*A8+ J C�A)eML a X /0+KaEAB=K7:+1sZ6B+;6B^>A8/0+I/0) f>X>a P a C 'V+;=W)O7bH>/D+b9GJDXW6B=*)>+H>/0)>+;/0+D|r-0=*)>+;7G687:?,J0/D+IH>/_TV=WABJD-0?,AB/0+NH>'*)>+1?>)>/_-D=W) 1 =W9;Tk't7:68=W)kJD7:689GJD/ ; '*ABA Rz7:9G'*),+>DSa}q.)O7G9G/_-0/D+
aEAB=K7:+I68A / 'V-0=W),H>/0)>+G'K7:68=W) H>/YH>=WTj'*6B),/0+e5,AB?>+F5	/S7:6d7:+F/S7('*H>+;=W9G5,7G6B=W) H,/`TV=W)>=*TjlD9G/0+eH>'*)>+
?>)>/[-0=W?>-32>/ TV=W68)>+1H,/0)>+;/Y/S7eTj=*6B)>+<=W9;H>=W)>)>JD/ /S7eH>=W)>-[H%PoJ05>'*6B+;+G/0?,9e5>AB?,+ 1 '*68^>AB/Ka
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libre <�=?> +/�7@����BA� C *,DE+/AGF >IHKJML :N�
@O- J �P�������Q'��RAO* C *S�UTS� C 0IDV�Q�BA C 0W�
����T���� C ��-BA�DEXY�B���B+/A1'32 .Z+����*,+�*�-�*,.[-�0/��� C TS\��KDE�]���BTS�BDV*,+�'��_^ > �]DE+ L ��*,.��K`a��-�*,+b'UDEA�DV*,+?�c'�d�-BTPDEAe���c'f�U+?�`a�gAO�ihMAe� L :NjP@k' J �P���������l'��]Ae* C *S�UTm� C 0IDV���BA C 0W�
����'32 .Z+��]��*,+�*�-�*,.[-�0/�l� C TS\��DE�]���BTS�BDV*,+n'��o^]0qp > �]DE+ LEL

rtsvuiuSs1w�xIy�zYumwW{}|isGsv|iu�~}�M�Y�asv��sv��uc�}zY�?��zM�NuS~}s)y/�Y�c�asv|c��sv|m�W�is}|_�Ws1yWw/�U|ms�� -��q� �W�����������P�
|ms}�?|m�a�?�as}|Q�Y�Z���U�Y�m�a�UuS��zM�?|R��zI���U�as}|��Ws}|�yW�mzMy?�m�a~BuS~v|R�Z��|m�vzU�O~v���Y|NuS���I�?s}|�sBu��Y�WwW~v|m���Ms}|Q�Ws����
�}zM�W��wWsR ¢¡?�Y���M��£U¤��b¥9sv|$�a���Y�Msv|_�Ws7�a� � �W�¦�I���GzM��u§~vuS~7�Y�v�I�?�a|msv|$s}����zI�Ws©¨ku��YyWy?�a�W�l�a~v�Msv�Nª
�E�MzM���!�Pw/�UyW��um�ms_«����Y¬¢s}|iut)�W�a�is_���Ms}�_�W�l|isvuSy�zY�a��u®y?�mzI��wWs_�Ws

0.9Alibre

���Ms}�
Alibre ≈ 20nm.¯IzM�W|°�}sv|G�vzM�W�W��uS�azY�W|1��sg�vzM��um�S�Y|NuSsl�WslyWw/�U|msg�Z��|m���W�as]|i�W�°�asv|°�i~}�M��zM�W|1��s}|1��zY�a�W|)~vy/�Y��|m|msv|

�Ws$�a�°�}zM�?�PwWs$�msB±/{vums©�?�Ws§��zM�m�vs§�¦¬²�U�WwW~}|i�azM���azI�}�Y�as_sv��uS�is$y�zM�a�fuSs�svuK~}��w/�Y�fuS���a�azY�q ��
³U¡Z���,�U«Z�
�,�,£U¤���rts}�a�lsv|iu§�I�m�Y�a|is}�o�W���U�W��s}�lsv��u_�W´�l�a�g�W��µ�~v�msv�W�}s°�WsG�W�UuS�W�is°�PwW���l�a���Ws1��zI���Y��s)�Ws°���
�}zM�W��wWsU�[¶·��yW�Y�iuS���}�?�a��s}�t�W�Q�W~vyWw/�Y|m�Y�Ms1yW���W|K���Y�a�W��s$zY�W|msv�i�M~1|m�W�c��s}|��WzM���Y�a�?s}|��?�a�M��uS~v|�sv|iu
�V¬¢�a�W�W���vso��¬5�W�?sl�Y�WwW~v|m�azY�n�azI���U�as7�lzM�a�?�W�ms7s}�fuS�isg����y�zM�a�fuSsosvu1�a�R�lzM�WzI�vzM�W��wWsY�9¥3��y?w/�Y|ms
�W~}|izM�m�WzY�W�W~}s¸sP�?y�zY|ms¸~}�f�U�asv��sv��u9�Ws}|3�M�izM�Wy�s}|3�l~vumw�xI�as!svu��l~vumw�xI�a{v�WsY�����Ms}�®�W�Ws®~}�?s}�m�Y�as·�Ws
|m�W�N���Y�}sG�}zY��y/�U�S�Y�W��s°l�}s}���as1�W��y�zM��xM~vuSwfxI�a{}�?s� ¹���}¤��bº§s}|$yW�is}�?�Msv|©sB�Zy�~v�m�a�ls}�fu��U�as}|�|is}�mzY��u
yW�m~v|ms}�fuS~vs}|$�W�Y�W|_���o|m�W��uSs1�?s°�vs°��w/�Yy?��uS�isY�
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� -	A8<> 9������������	��������� �"!$#%!'&(��)*�+��,.-0/01�23�$23,4!') R ���5!6#87 ��9�:;��,4!<)=)*2%�$9�!<)$�"1�>
,41�:<1�2?:<@0!<)A�B� �"!*�C� R !<)ED�@GF%HI� �B,KJ"L�:<!*�M:*9�!<)"/K9�!*�B,.)ONP!PQ"D3HQ� �B,KJ"L�:<!*�<:*9�!<)
R �	#3!<)ON�J

NC'*9f-D=WTj5>'*9:'K6B+G=*)%|gA8/0+f+;?>^>+;7G9:'K7G+h+;6BAE'K)>68+GJ0+TSm2VU j TV6B)%a0)>/@5>9GJD+G/0)u7:/D)O7C54'*+fH%P aBAB=K7:+�68+G=*ABJ0+
/D7 ?>) -D=W)O7G9:'*+y7:/xH>/x5>24'*+;/V?>)>6XW =W9GTV/ZY f>X>a8[Za\Sg^n|RH?]Ma8^N/D-06@68)>H>6�_O?>/ _O?>/xAB/0+_-0=*?>-M2,/0+`'K6B)>+;6
=W^,7:/D)Z?>/D+Y+G=W)u7Y-0=*Tj5>A8lD7G/0+[/D7Y+;?.`V+:'*TVTj/D)O7 2>=WTV=WXWlD)>/0+VawAQPRJD-M2>/DABA8/x+;?>^>TV6B-D9G=W)>6\_O?>/*a(bf'
9G?>XW=*+G687GJ H>/.-0/D+f+G?>^>+y7:9:'t7:+fTj/D+G?>9;J0/.54'*9dce^gfih6jlk +;?>9�?>)>/m'K6B9;/ H>/

25µm2 /0+;7�7�mZ5>6\_O?>/0TV/0)u7
H>/
2Å

9DaRT�ao+0aonMa
b�/0+"TV/0+;?>9G/D+"H%P 'K)>XWAB/ H>/ -0=W)u73'*-S7�Tj'*-D9G=W+;-0=W5,6�_O?>/pY sW=*6B9j-324'*5>6d7:9;/Aqr]S|m6BA8A8?>+y7:9GJD/0+j/0)

f4X>aT[Zasq +G=W)u7\7:=W?,7 atW '*6d7`-0=WTV54'K7G6B^>A8/D+\'gsW/0-�A8/0+\=*^>+G/D9;sK't7:6B=*)>+uh6jTk aENh=W?>9\AB/D+\-D=W?>-32>/0+
-0=WTV5>A8lD7:/D+b=W) 7:9G=*?,sW/\?>)U'K)>XWA8/`HnP 'gsK'*)>-DJ0/LH>/`AzPo2>JPO,'*H>JD-g'K)>/

θC16av = 43◦
/S7_?>) 2vmZ+;7GJ09GJD+

1 ≤ ∆θ ≤ 2◦ a.bf' 7:/D)>+G68=W)"H>/b+G?>9eW '*-0/b-09;687:6\_O?>/uY /�O}7G9:'*5	=*ABJD/(' sW/D-(?>)>/bAB=W6?_O?4'*H>9G'K7:6\_O?>/*| :�wf4X>ad[}asq�]F/0+;7[H>/
γc = 20.07mN/m

|n7Om}5,6�_O?>/LH>/L-0=W?,-M2>/D+ H>/D)>+G/D+ /PO}5	=W+G'*)O7 H,/0+[XW9;=W?>5	/D+
TjJS7:2vmZA8/0+�xoSy[r[yzQa ' 68-0/�fpsW/D9G+:' AB/D+\TV=W)>=Z-D=W?>-32>/0+\6B)>-D=WTV5>ABlS7:/jH>=W),)>/0)u7 θC16av = 30◦

/S7L?>)
2vmZ+;7GJ09GJD+G6B+m5>A8?>+@6BTV5	=W9y73'*)u7:/

∆θ ≈ 5◦ a3^N/0-D6r6B)>H,6�_O?>/=_O?>/eAE'(+G?>9eW '*-0/e/D+;7mTj=*6B)>+ 2>=WTV=WXWlD)>//D7e)%Po/PO}5	=W+;/V_O?>/ 54'*9y7:68/0ABAd/0TV/0)u71H>/D+eXW9G=*?>5	/0+$^|{
3
a

{F=*?>+['gsW=W)>+_/DTj5>A8=ymWJ`/0+;+G/0)u7:68/0ABA8/0TV/0)u7_H>/D+_-0=W?>-32>/D+[-0=WTV5>A8lD7:/D+_'*? -0=W?,9G+_H>/\)>=W+_/�Ovf
5	J09G68/0)>-D/0+eH>/[TV=W?>6BAdAB'KXW/_'K?^Ow5	/D7G687G/0+IJ0-32>/DABA8/0+0a
}�~3�|�5�y�*���	���5�|�C���<���=�5�����e�e���<�C�5� �o�;� �6� �e�������	�������������g e�*�|�|�

Rrms =

√

1
N2−1

∑N×N
mn=1

(

hmn − h̄
) ¡

�£¢$¤l¥l¦*§�¨©�;����ª«�¬�y�£�gy�C�l���¬®y��¯��eª°���¬ª�± ���=���£�¬²8³�´ ¡
hmn

�;����ªs�gµ������5�e�y�d���$®y��¯��eª0�o¯
m

¡ ¶
n

�K�e�
h̄
���	��ª«�

µ������5�e�y�d�|� ¶ �e�y���T e��ªs ���ª����l�C�y�dª«���
N ×N

®y��¯��eªs���
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*"!$# % 1H-�A'&(& 5=<H6*)�6,+ 8 1HG>1.- 1H-/- C>60+1)32547698 - 1H8 :/&(; /260+

{F=*?>+\'gsW=W)>+`-0=*)>H>/0),+GJ"H>/0+`XW=W?}7G7:/D+`H>/j)%f]'*A8-g'*),/0+ Y
8 ≤ n ≤ 12

] H,/j73'K6BABAd/LsK'*9;6E'*^,AB/
/0)O7G9G/e?>)>/F-D/0)O7:'*68)>/eH>/F)4'K)>=WTVlD7G9G/0+=<;?>+�_O?%P 'K?"TV6B-D9G=W)%|W+;?>9iH,/0+i-0=*?>-M2,/bH%P U�V?> -0=*Tj5>A8lD7G/0+
awAzPR'*68H>/\H>/xAE'"7G/0-32>)>6\_O?>/VH>J0-D9G687G/V'*? -324'*5,687:9;/A@>a�Bb/D+Y68Tk'KXW/0+_{6^gfih6jlk H>/xXW=*?,7G7:/D+[H>/
H>J0-0'*)>/ +G=W)u7"9;/05>9;/0+;/0)u7:J0/0+"+G?>9jAE' f4X,a [}a�U,ai{e=*7:=*)>+ _Z?nP«a AzPoJ0-32>/0A8AB/�TV6B-D9G=W),6�_O?>/w/D7k+G?>^3f
Tj68-09G=*)>6\_Z?,/ A8/0+"XW=W?,7;7:/D+�=W)O7�?>)>/ W =W9;Tj/ 7:9;l0+�+�mZTVJD7G9G6�_O?>/U'gsW/0- ?>)>/ AB68XW)>/ H,/ -0=W)u73'*-S7
_Z?>'*+G6of -0689G-D?>AE'K689G/Ka�^N/0AB'L-0=W)^f49GTV/_)>=W+1=W^>+G/D9;sK't7:6B=*)>+ h jTk�Tj=*)O7:9G'*)O7<-0/D+e-D=W?>-32>/0+e-D=WTVTj/
'*+G+;/DC 2>=WTV=WXWlD)>/0+'aL-0/D+eJ0-32>/0A8AB/D+0a

B('*),+\-0/0+\-0=*)>H>687G6B=W),+Y)>=W?>+\' sW=W),+\Tj/D+G?>9;J"AQP '*),XWAB/VH>/k-0=W)u73'*-S7\H>/0+\XW=W?}7G7:/D+\54'K9`H>/0+
'E<;?,+;7:/DTj/D)O7G+ H,/0+ 5,9G=&f4A8+�h6jlk 54'*9hH>/D+ -0'*AB=*7;7:/D+h+G5>2>JD9G6\_Z?,/0+ Y sW=W689 f>X>ar[Za�@b/S7 -324'*5%aF@°]Sa�b�/0+
9GJ0+;?>A87:'K7:+.+;=W)O7@9GJ0+;?>TVJ0+@+G?>9@AB' f4X>av[}a«[}a)Nh=*?>9 7:=W?>+.AB/D+@'*AB-0'*)>/0+./DTj5>A8=ymWJD+'Y

n = 10, 11, 12
]M|

=W)k=W^,+G/09ysW/(?,)>/bH,6BTV6B)O?,7:6d=W)xH>/FAzPR'*)>XWA8/IH>/F-0=*)O73'K-D7
θ
'gsW/0-FAB/e9:' mW=W)kH>/F^4'K+G/FH>/0+NX*=W?,7G7G/0+D|

r
a4c )>687G6E'*Ad/0TV/0)u7b/D7G<;?>+;_O?%P�a

r ' 1µm, θ
/0+y7 '*5>5>9;=[O}68Tk'K7G6dsW/0TV/0)u7(-D=W)>+y73'*)u7[/D7_J0XW'*Ala"AE'

sK'*A8/0?>9
θ∞
_Z?,/bAQPR=W)VTV/0+;?>9G/F5	=*?>9mH>/0+iXW=W?}7G7:/D+iTj'*-09;=W+G-D=W5>6\_O?>/0+i+;?>9iA8/0+mT"H0TV/0+m+;?>^>+;7G9:'K7G+

/D7�+G=W?,+ 'K7:TV=W+;5>2>l09;/U+:'K7G?>9GJD/ H>/ sK'*5	/D?>9�H%PR'*AB-0'*)>/Ka
θ∞

/D+;7�ABJ0X*l09G/DTV/0)O7w6B)%W J09G68/0?>9�'*?^O
sK'*A8/0?>9;+fTV/D+G?>9GJD/0+f+G?,9fA8/0+�+;?>^>+;7G9:'K7G+JI]+G/D-0+LK$Y H>=W)>)>JD/0+fH>/Df4X>ay[Zasq�]n5>9;=W^4'*^,AB/DTj/D)O7(a<-g'*?>+;/@H>/
AzPR'*H>+G=*9G5,7G6B=W)jH>/bst'*5	/0?>9<H%PR'*A8-g'*),/b+G?>9NAB/F+G?>^>+y7:9G'K7g|,-D/6_O?>6n^4'K6B+G+;/(A8J0XWlD9G/DTj/D)O7<+;=W)�JD)>/09;XW6B/
H>/ +G?,9�W '*-D/"Y

γS,vap < γS,air

] x�qr[�zQa?b�/0+eTV/0+;?>9G/D+F/Pbn/D-D7G?>J0/D+b5	=W?>9I5>A8?>+G68/0?>9;+e'*AB-0'*)>/0+I+;?>9eA8/
T.HDTj/I+G?>^>+y7:9:'t7<=*?k+G?>9iH,6�bcJ09G/D)O7G+iJ0-324'*)u7:6BA8AB=*)>+@=W^,7G/0)O?>+|a 54'*9;7G6B9@H>/FAB' T"H0TV/e5>'*+;7G6BABA8/1H>/
+G6BA868-068?>T +;6BAB'*)>68+GJD/*|KH>=W),)>/0)u7@H>/0+.9GJD+G?>Ad73'K7G+.+;6BTV6BA8'*6d9G/D+0ar^N=*TjTV/NAB/D+ Tj/D+G?>9;/0+.+G=W)u7@+;/0)>+;6B^>A8/0+
a\AQPRJS73'K7NH>/(-0=W)u73'*TV6B)>'K7:68=*)kH>/(AB'`+G?,9�W '*-D/*|,AB/0+N/PO}5	JD9G6B/D)>-0/D+I+G/_H,J09G=*?>AB/D)O7<6BTVTVJ0H>6B't7:/DTV/0)O7
'*5>9GlD+e68)O7G9G=ZH>?>-S7:68=W)�H>?�+G?>^>+y7:9:'t7F5>9;=W5>9;/[H4'*)>+IAE'\-0/DABA8?>AB/(H>/[-D=W)>H>/D)>+:'t7:6B=*)%a
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	�����;���3�°��*,.IA�Ae����*,+/A�.I+��t��*,TB���1� C 0/dBTPD��v.[�g�BA�.Z+��7` D��U+��g'��l-�*,+/Ak��-BA�
������� -BDETS-B.I`��UDET���@]-��	�v.ID°+�*,.f� C �BTB���BA]'��q�����B.IT��BT '��°�}��
U*,+ .I+/DEXY*��v.[�q`a�Tm���*,+ '��oj��
���
r
�UDE+?�BD��v.[�°`m2 �U+Z�U`a�G'��o-P*,+/Ak��-BA

θ L

���������
	 ��a� ��"�`E` .ZTS� '��
θ (r) C *,.ZT�'����Q��*,.IA�AO��� '���A�TS*,Da�n�U`a-S�U+����Q�B.ZT�.I+���B.ZTE�}��-��·�BDE`��U+/Da��d�� L�� *,AO*,+?�t`��)'UDE�]DE+/.IA�DV*,+l'�� θ �U.Yh C �BA�DEAe���cd�-�0/�B`E`a��� C *,.ZT®Ae*,.f�`a���]` D��v.ID�'������BA�.W'UDVd�� L �3�����
*,+����G0W��-�0I.ITSd����oDE+b'UD��v.[d���� C �UTo`a���7��,��jP*,`a��� ∆θ'�dB+�*,Ae�B+/A®`a���°XU�U`a�B.ITS�1���I-BTS*���-�* C D��v./���G'32 0���BAedBTSd��BDa� C *,.IT1`a���1A�TS*,Da�°` D��v.ID�'���� L
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	 �� � �;% ���B.ZTS��'32 0�
�BAOdBT�d��BDa�l'��o`m2 �U+Z�U`a�l'���-�*,+/Ak��-BA��Q`m2 d�-�0/�B`E`a�7�]DV-BTS*, +/D��v.[�)�BA��B./jv�]DV-BTS*,+/D��v./��@ C �UT�XU�UTPD��UA�DV*,+�-�*,+/A�T�*,`ad��©'��§`��7AO�UDE`E`a�)'�����*,.ZA�Ae� L �9�` D��U+�� C *,DE+/A�DE`E`ad��GTS� C TS*�'U.ZDEAt`m2 �U`E` .ZTS�]'����]'�*,+/+�d������¸^ > '��G`����&� L��fL��	� θAV,RE'�dB+�*,Ae�B+/A®`a�o�U+Z�U`a���G'32 �UXU�Y+b-Pd��G�BAtTS��-B.I`ad��°����-BTS*���-�* C D��v./���$�B.IT]-����©�B.WjP�BA�Tm�UA L
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B �?s����Ws}|NuS�azY�;�a�ly�zM�Nu��Y�fuSsgs}|Nuo�}sv�a�asl�Ws������W~vy�s}�W�W�Y�W�}sRy�zM|m|i�a�W��s��Ws��V¬¢w�xI|ium~}�i~}|m��|7�Ws
�V¬5�Y�W�M��sR�WsQ�}zY��u��U�vug�I�a|l �I�a|]�Ws��a� uS�Y�a����s��Ws}|l�YzM�?umums}|v��C§zM�W|l���MzM�W|]�Z� �}zM�l�ls}�fug�Ws}|
uSwW~vzM�m��s}|c�i~}�}sv��ums}|G  �ED�¤9yW�i~v�MzM��s}�fu_�W�Ws1�Y�W�M�ls}�fu��Uum�azM���Ws)�V¬¢w�xI|ium~}�m~v|m��|_���/�Y�W�Q���Gu��Y���a��s$�Ws}|
�MzM�?uiuSs}|7�W���l�a���Wslsvuo�WsB�I�as}�fu]�vzM�ly/�Y�m�Y�W�as�q�}s}���as��?s}|o�W~B���Y�?um|o��wW�a�l�a���Wsv|G�W�;|m�W�W|NuS�S�,u��
C§zM�W|����MzM�?|��WzM�W����sv|m�W�i~q�V¬¢w�xI|ium~}�m~v|m��|�y�zM�W�l�Ws}|��MzM�ZumuSsv|��Ws��W~}�}�Y�Ws�|i�W���W�?sq|m�W�N���Y�}s
|m�a�a�Y�W��|m~vsY�®rtsv����|is����Y��u]�WsR���GF}zY� |m�a�l���a�U���isR�Y� ���Y|]���U�}�mzY|m�}zYyW�a���Ws��/�U�W|g�a� ��sv|m�W�isQzIH
�as}|t�MzM�ZumuSsv|K�I�?s©�WzM�W|KzM�W|is}�N�MzM�W|czY��uK�W�Ws§��zM�m�ls§|iyWwW~}�i�a���Ws+JI�WzM�W|����MzY�W|c�U�W�M�ls}��um~$y?�W�a|
�m~}�?�W��u�����u��Y���a��s·�Wsv| �MzM�ZumuSsv|�|ms}��zM�G�a�_�l~vumwWzI�Ws¸�W~v�}�i��umst�Y�LK £W�¢£W�5«��?st���Y�W��{}�is¸_zM�?uSsv�W�a�3��s}|
�vxI�}��s}|K�ms}y?�ms}|is}�fuS~}|csv� � �W�W���NMZ��O&�Y�tsB�Zsv��y?�as§s}�R�MzY�?±[�Y�fuK�W�Ws$�YzM�?umums§�Ws§uS�Y�a����s_��¬5sv���I�a�izM�
2.5µm

zM��zM�?um�asv��u��W�?s)�ls}|i�W�ms©�Ws©�V¬5�Y�W�Y�as§�¦¬5���U�Y�W�v~}s
θa ' 21, 5◦

sBucy/�Y�K~v�,�Yy�zM�S�,uS�azY�R�Ws
���o�QPv��s©�MzM�?uiuSs1�?���U�W�M�as©�Ws1�msv�}�W��~}s

θr ' 20, 4◦
�/�WzY�W�

∆θ = 1.1◦
�

º$sv|©�ls}|i�W�msv|)�U�/�Y��zM�M�Wsv|$l�V¬¢~}��wWs}���as°|i�W�Z�k�����}�mzY�W�a���Ws1|mzM�fu©�vzM�lyW�a�����W~}sv|§�W�q���Y��u����WsY�
�}zM�l�ls1�WzM�?|§�V¬5���MzY�W|_�I� �U�qy/�Y�S�U�M�S�UyWwWs°yW�i~}�v~}�Wsv��u}�

θ
�W�a�l���I�?s1�vzM�W|i�a�W~v�S�Y�W��s}�ls}�fu$���Ms}�

���7uS�Y�a����s$�?s1�MzY�?umums�JW���b���Y�?uc�WzM�W�1���,�Y�W�vs}�_svu_�is}�v�W�asv�_�?s)uS�i{}|cy�s}�;�����W~}�Y�asv��sv��u����Ws}�����Ws}|
�W�SR}�Y�a�?s}| �Ws��/�U�WzM�l{vum�ms}|��3���§���a�Y�Ws¸�Ws��vzM��uS�Y�vu}�frts}���§�W~}�vs}|i|m��umsc�W�WsK�M�S�U�W�WsKyW�m~v�}��|m��zM�o�W�Y�W|
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AB/<-0=*)O7:9
	WAB/<H>/1AE'F73'*68ABAd/NH>/1XW=W?,7;7:/*a°^N/0-D6r/D+;7@6BABAd?>+;7G9GJN54'*9.A8/1H,/0?^O}68l0TV/I-*mZ-0AB/1H>/1AE' f>X>av[}a e c
?>)>/VXW=W?,7;7:/V' sW/0-

r ' 200nm /D) 5>2>'*+G/jHnPRJSsK'*5	=W9G'K7:68=W) TV=W)O7G9G/x?>) '*)>X*AB/
θr ' 9.6◦

/S7
'*5>9GlD+1XW=*)��4/0TV/0)u71+G=*)w9:' mW=W)�H>/(^4'*+;/(sK'*9;6B/F7:9GlD+15	/D?�73'*),H>6B+ _O?>/_AzPR'*)>XWA8/FH%PR' sK'K)>-0JD/_sK'*?}7
θa ' 10, 7◦

/D7IH>=W),-
∆θ = 1.1◦.

{e=*7:=W),+ _O?>/[+G6%AzPo=W)w'*?>XWTV/D)O7:/_/D)>-D=W9G/[AE'`7:'*6BA8A8/bH>/_-0/S7G7:/
XW=W?,7;7:/0<;?>+;_O?%P�a

r ' 400nm, θ
+;?>687('*5>5>9;=[O}6BTj'K7G6dsW/0TV/0)u7bAzPR'*A8A8?>9;/YH>/D+['K)>XWAB/D+bH>/\9;/0-0?,ABJ0/

6B)>H>6\_O?>J0/[5>'*9IAE'LA86BX*)>/_5	=*6B)u7:6BAdA8J0/Ka0b.Po2vmZ+;7GJ09;J0+G68+FH>=W)>),/ H>=W),- AB68/0? aL?>)>/�W '*68^>AB/(H,6B+G5	/D9G+;6B=W)
H>/0+eTV/0+;?>9G/D+0a

N.AB?>+;6B/D?>9G+ H>/�)>=*+ Tj/D+G?>9;/0+ 6B)>H,6�_O?>/0)u7A_O?>/�AzPo2vmZ+;7GJ09GJD+G68+U)>'*)>=WTVJD7G9G6�_O?>/ /0+y7AW '*6B^>A8/*|
7�mZ5>6\_Z?,/0TV/0)u7

∆θnm ' 1◦
/S7 AQPR2°mZ+;7:JD9GJD+G6B+ TV6B-D9G=W),6�_O?>/�A8J0X*l09G/DTj/D)O7U5>AB?>+U68Tj5	=*9;73'K)O7:/

1◦ . ∆θµm . 2◦.
^N/D+VsK'*A8/0?>9;+V+G=*)O7V7G=W?,7 a W 'K687x-D=WTV54'K7:68^>A8/0+x'gsW/0-�AB/0+xTV/0+G?,9G/0+VTk'yf

-09G=*+G-0=*5>6�_O?>/D+<+G?>9NA8/0+iT"H0TV/0+i+;?>9�W '*-D/0+N+G6BAB'*)>68+GJD/0+6Y :�w� [}aXSWa\S�]Sa��e)>/bA86BXW)>/IH>/b-D=W)O7:'*-D7i7:9;l0+
5	/0?"H>J£W =*9GTVJ0/F/D7<?,)"W '*6B^>A8/I2vmZ+;7GJ09GJD+G6B+<H>/FAzPR'*)>XWA8/eH>/F-0=W)u73'*-S7<6B),H>6�_O?>/D)O7 _O?>/b-0/D+<+G?>9eW '*-0/D+
+G=W)u7 W '*6B^,AB/0TV/D)O712,JD7:JD9G=WX*l0)>/D+ xoS e zza

*"!�� � AD+ - -/+ +7A'1HG )>60+ @��0+ -�&�/ 54/ +�� 6�� 6 / )�6*& 5 /269G/+7A'1HG )>6
&'AP<dG>6

{F=*?>+`5	=*?,sW=W)>+Y7G=W?,7`HnP '*^	=*9GH /0+;+:' mW/09\H%Po/PO}5>A86�_O?>/D9`AB'wsK'K9G6E't7:6B=*) H%PR'*)>XWA8/VH>/j-0=W)u73'*-S7
H>/0+(X*=W?,7;7:/0+b54'K9b?>) /Pbn/S7(H>/Y7:/0),+G6B=*) H>/`AB68XW)>/"Y -£W]a  SWasqZasq�]Sac{e=W?>+b+G?>5,5	=W+G=W),+_H>=W),-u_O?>/
AB/V+G?,^>+;7G9:'K7`/0+;7`+G?.`V+G'*TjTV/0)u7`5>AB'K7Y/S7`-M2,6BTV6�_O?>/DTj/D)O7 2>=WTV=WXWlD)>/V5	=W?>9Y68)O7G/09G5,9GJD7G/09Y),=W+
H>=W)>)>JD/0+e+G/DAB=W)wAE'\AB=W6nH%P��m=W?>),XjTV=ZH>6Mf4J0/ YeSWa Z ] c

cos θ = cos θ∞ −
τ

γ

1

r
.

YC[}a\S�]

b@PR' <;?>+;7GJ0TV/0)u7wH>/0+wH,=W)>)>JD/0+w54'*9�H,/0+wA86BXW)>/D+"H,9G=W6d7:/0+"H4'K)>+wA8/ 5>AE'K) Y
cos θ

|
1/r
]k5	/09GTV/S7

H%PR/D+;7G6BTV/09./�O}5cJD9G68Tj/D)O7:'*AB/DTj/D)O7.AB/<9:'K5>5	=W9;7
τ/γ

Y f4X>av[}a Z ',|o^?]Ma U )V=*^,7:68/0)u7@5	=W?>9.AB'b7:/0),+G6B=*)H>/iAB6BX*)>/@AB/D+ sK'KAB/0?,9G+hH>?Y73'*^,AB/g'K?u[}a\S*aKq.A8AB/0+f+G/N+;687:?,/0)O7C'*?,7:=*?>9hH,/ −10−10N /S7 '*?>XWTV/D)O7:/D)O7
/0)�Tj=ZH>?,AB/_' sW/D- AE'\Tj'*+G+G/[TV=WA8J0-D?>AE'K689G/bH>/[AzPR'*AB-0'*)>/Ka

n τexp
Y
10−10N

]
9 1, 3± 0, 1
10 2, 0± 0, 1
12 3, 8± 0, 2

� D��IG094DF8 �d� �I�"!0��9�!*23�M) #3!�QO!*,.)*�51�, #3!�9 �X��,4!t1$# Q�!*,020!<) /����&% Q�9 �B, R ���B�M! #3!<)
#31�,0, R !<)�#3!'%��°J)(°J+*,#�J
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� -	A8<> 9I�����p�GL���- #eN �$9B9 2%�M! #3!
cos θ

!*, w 1�,4:PQC�51�,Q#3!
1/r

/01�2%� 2%,4! ) R �*�5! #%!
QC�M1���)V��9�:;��,4!<) )*2%��23,4! )*23�Bw£�3:<!6)*�B9X��,0��) R !�J����"9 R �  *�M!V#�� � R �M!*,4:<! !*, Q	�<!�9�!<) R ��>
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L
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x U h zza°b�/%f,7g_O?4'*H,9:'K7G6�_O?>/19GJ0+;?>A87G/I5>A8?>+@'*5,5>9G=W5,9G6BJ|_O?>/IAB/<+G6BTV5>A8/ f>7@A86B)>J0'*689G/
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5>AB?>+<XW9G'*)>H>/D+=_Z?,/[-D/0ABA8/0+<H>/(7:'*^%a0[}aXSWa>{eJg'*),Tj=W68)>+<),=W?>+I'*A8AB=*)>+NTV=W)O7G9G/D9<54'*9<AB'\+;?>687G/ _O?>/
7:2>JD=W9G6\_Z?,/0TV/0)u7 AzPo/'bc/S7 H,/V-D=W?>9;^>?>9G/xH>/xAE'"AB68XW)>/\),/x5	/0?,7 54'*+[/�O,5,AB6\_Z?,/09[AB'�),=W)>AB68)>Jg'K9G6d7:J
H>/0+eH,=W)>)>JD/0+0a
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τ
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alcane

Si

SiO2

C18H37

2nm

2,3nm

� -	A8<> 9 ����� � ��:<@ R �+� #3!p)*2�#*)PQC���&QZ)PQC���&Q	� % R 2SQ	�B9 ��) R /01�23�I9�! :;��9�:*239+#3!I9X�
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9G/D7:'*9GH,J0/ H,/0+e68)O7:/D9:'K-D7:68=W)>+<H>6B+;5	/09G+;68sW/D+
ω
sWJ09;6�f4/+xoS�U}|Kq%S£z c

ω(l) = −32
9
ερ2alσ

4

{

1 + [(l − dw) /σ]
(

arctan [(l − dw) /σ]−
π

2

)

− σ2

3l2

}

+
Asil,al,vap

l2
.

YC[}asq�]
ρ
/S7

σ
JS73'K)O7xAE' H>/D)>+G6d7:JwTV=WA8J0-D?>AE'K689;/k/D7xAB/"9G'�mW=*) H,/w-D=Z/0?>9LH>/�AzPR'*AB-0'*)>/K|

dw

H,J'f4)>6d7xA8/
sW=WAB?>TV/w/PO}-0A8?&H���'*?^O 6B)O7G/09G'*-D7G6B=W)>+x9;J05>?>A8+G6dsW/0+j/0)u7:9G/ A86�_O?>68H>/w/S7k+G?>^,+;7:9G'K7g|@73'K)>H>6B++_O?>/
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l − dw

a
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τ
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H>/
ω(l)
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ε
|
σ
|
dw

/S7
Asil,al,vap

ah{F=W?,+\'gsW=W)>+
/0+;7G6BTVJ

ε
a"54'*9;7G6B9FH>/0+(sK'*A8/0?>9;+_H>/D+_-0=W)>+y73'*)u7:/D+[H>/ {F'*Tj'&]*/09_'KAB-g'K)>/*f '*AB-0'*)>/Ka

σ
/0+y7 'E<;?,+ef

7:J0/xH>/ W '
	0=W)Eaw=*^,7:/D)>6B9(AE'"^	=W)>)>/LsK'KAB/0?,9[H,? Tj68)>68T\?,T H,? 5	=K7:/0)u7:68/0A
ω
Y�_Z?nPR=W) TV/0+G?,9G/

/PO}5	J09;6BTV/0)u73'*A8/0TV/0)O7<] c
ω(l0) = S = γ(cos θ − 1).

^N/0-06 6BTV5>A86X_Z?,/�_O?>/YAE'xTV=ZH>JDAB68+:'K7G68=W)wH>? 5	=*7G/0)u7:68/0Af/0+y7('*5>5>9;=[O}6BTj'K7G6dsW/0TV/0)u7e-D=W9G9;/0-D7G/*a b�/
sW=WAB?>TV/</PO}-0A8?V/0+;7 f�O}JI54'*9

dw ' 0.2nm.
Nh=W?>9./0+y7:6BTV/09

Asil,al,vap

6BA%W '*?,7.7G/0)>689.-0=*Tj5}7:/1H>?
W '*687|_O?>/_)>=W+1+G?,^>+;7G9:'K7G+I+G68AE'*)>68+GJD+<+;=W)O7I/D)�9;/g'*A8687GJb+;7G9:'K7G6�f4JD+1-D=WTjTV/b9G/05,9G/0+;/0)u7:J +;?>91AE'Hf4X>a
[}a _ a?bf/[+G6BA86B-D68?>T Tk'K+G+G6\_O?>/ /D+;7b-D=W?,sW/D9;7bHnPR?>),/Y5>9G/DTj68l09;/[-0=W?,-M2>/YH,/YH,6B=FO%mZH>/ H%PoJ05>'*6B+;+G/0?,9
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� ε
�
10−22 ��� σ

� ��� � �
al,Si � � al,SiO2

�
al,SiO2 � � al,sil

�
al,sil � � al,al

�
al,al	 
����	 ��� ��

4.3× 10−22 � 2.43× 10−21 � 1.7× 10−22 � 6.3× 10−20 �
�� ������� ��� ���
4.4× 10−22 � 2.47× 10−21 � 1.3× 10−22 � 6.5× 10−20 �
�
 ������	 ��� ���
4.2× 10−22 � 2.50× 10−21 � 0.9× 10−22 � 6.6× 10−20 �
�� ����	�� ��� ��

4.5× 10−22 � 2.51× 10−21 � 0.6× 10−22 � 6.7× 10−20 �

� D��IG094DF8 ���\�p��� !<)*23� R #3!<) R ��9�!*23�<) !*� /K9�1
T R !<) /01�2%� 9�! :M��9�:*239©#�2�/01
Q�!*,�QC�5!*9
ω

dSiO2
' 2nm xoS @ _ zTa�+;=W) 7:=*?>9(-0=W?,s*/09;7G/x54'*9(?>)>/L-0=*?>-32>/xH>/L+G68AE'*),/`H%PRJD54'*68+G+G/D?>9 dsil '

2.3nm
xoS @ _ zQaNC'*9�'*5>5,AB68-g'K7G68=W) H>/0+ I]9;/0AB'K7:68=*)>+�H>/U-0=WT\^>68)4'*68+G=W) KpxoSy[ e z[=W) 5	/0?,7�J0-09;6B9;/ AB'�54'*9y7:6B/

AB=W)>X*?>/_5	=W9y7:J0/[H>?�5	=*7G/0)u7:6B/DA�HnPR68)O7:/D9:'K-D7:68=W)�-0=WTVTj/ c

Asil,al,vap

l2
' Aal,Si − Aal,SiO2

(l + dsil + dSiO2
)2
+

Aal,SiO2
− Aal,sil

(l + dsil)
2 +

Aal,sil − Aal,al

l2
.

YC[}a«Ur]

�[9��*-0/"/0)>-D=W9G/�'K?^O�9G/DAE'K7G6B=W),+\H,/w-D=WT\^>6B)>'*68+G=W) =W) '
Ax,y =

√

Ax,xAy,y

| -0'*AB-D?>AE'*^,AB/D+ a
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ASi,Si = 23 × 10−20J xoSy[ e zQ| ASiO2,SiO2
= 20 × 10−20JxXSy[ e zz| Asil,sil = 7 × 10−20J xXS�[ Z z /D7 Aal,al

xXS�[ Z zza�b�/D+_9GJ0+;?>A87:'K7:+(+;=W)O7_9G/D+G?>TVJD/0+[H4'K)>+_A8/73'*^>A8/g'*? [}asqZa
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ω > 0
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l À σ
|45,?>6B+�_Z?,/ AE'L-D=W)>+;7:'*)u7:/ H>/�{b'*Tj'&]*/D9

Asil,al,vap
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b '6W =W9;Tj/<H>/

ω
TV=W)u7:9G/1'*?>+;+G60_Z?,/eAB'_-D=W)O7G9G68^>?,7:68=W)LH>=*Tj68)4'*)O7G/=a

τ
sZ6B/0)u7mH,/0+m68)O7G/09:'K-D7:68=W)>+

a -0=W?>9y7:/�5	=*9;7:JD/*| 5,?>6B+�_Z?,/wAB' ^4'*9G9;6BlD9G/"9;J05>?,AB+G6dsW/�H,?>/w'*?^O W =W9G-D/0+LH>68+G5	/D9G+G6dsW/0+L/0+y7V'*+G+G/(C
W '*6B^>A8/*a

{F=*?>+\' sW=*)>+\'*?>+;+G6i9G/05,9G/0+;/0)u7:J�/D) 7:9:'K687:+ 5	=W68)O7G6BA8AdJ0+"Y f4X>a¬[}a h ]S|fAzPR'*ABAd?>9G/xH>/ ω
5	=W?,9`A8/

H>J0-0'*)>/e+;?>9@?>)>/I+G?,9�W '*-D/eH>/I+;6BA86B-D68?>T�=[O3mZH>JD/ ,41�, )*�B9X��,0��) R ! aWq.A8AB/<-0=W9;9G/D+G5	=W)>H"a_?>),/e+;687G?4'�f
7:6B=*)kH>/(TV=W?>6BA8A8'*X*/e-0=WTV5>A8/D7N/D)�'K-0-D=W9GHw'gsW/0-(AzPo/PO}5	JD9G6B/D)>-0/Ka0^N/0-D6%68)>H>6�_O?>/$_O?>/_A8/b5	=*7G/0)u7:68/0A
H>J'f4),6	5>'*9@AB/D+@/PO}5>9G/D+G+G68=W)>+|[}a«q_/D7 [}a�U[H>J0-D9G6d7m-0=W)usW/0)4'K^>AB/DTj/D)O7iA8/I5>9;=W5>9;6B/S7:J0+@H>/eTV=W?>68A8AB'KXW/
Tj/D+G=W+;-0=W5>6\_O?>/0+e/S7eTk'K-09G=*+G-0=*5>6�_O?>/D+eH,? +em}+y7:lDTj/ /S7:?>H>68J*a

{F=*?>+j' sW=*)>+V/0)>+;?>687G/�-g'*A8-0?>A8JwA8/w5>9G=�f4A1H>/�AzPo6B)u7:/09eW '*-0/�A86�_O?>68H>/
l̄(x)

_Z?,6ITj68)>68TV6d+G/�AE'
-0=W)u7:9G68^>?,7G6B=W) H,/`AB68XW)>/

Ωl

H>? XW9G'*)>H 5	=*7:/D)O7G6B/0A H,? +�mZ+;7Gl0TV/ZY :�w  SWa @"/S7 xoS�U�zB]Ma
l̄(x)

'jJD7:J
H>/D7G/09GTV6B),JxH4'K)>+ AQP '*5,5>9G=FO,68Tj'K7G68=*) AB=Z-g'KAB/�xXSD@�z@5>'*9[9GJD+G=WA8?,7:68=W)U)O?>TVJ09G6\_O?>/xH>/xAzPoJ�_O?4'K7G6B=W)
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� -	A8<> 9 ��� � ��� 1
Q�!*, Q	�5!*9 !�� :;�3:<!
ω(l)

/01�23� Q	�<1���)t��9�:;��,4!<)ELi,�����-5D3H�-5D
	�Nt)*23�
2%,4!�)*23�Bw£�3:<!u#3!�)*�B9 �5:<! )*�B9X��,0��) R !��=!*, QC����� Q8/01��B, QC�B9B9 R 9�!V��*�"!=/01
Q�!*, Q	�5!*9�/01�23�
9�! # R :;��,4! )*2%��9X� )*�B9 �5:<!�,02?!�J

H>6�bcJ09;/0)O7G6B/DABA8/(),=W)>AB68)>J0'*6B9;/ Y�SWasq j ] c

dω

dl
= γ

l′′
√

(1 + l′2)3
.

YC[}a�@°]

b�/F9GJ0+;?>A87:'K7i5	=W?>9iA8/FH,J0-g'K)>/b/0+;7N9G/05,9GJ0+;/0)u7:J(/0) f4X>a.[Za\S j a > ?>-0-D/0+;+:6dsW/0TV/0)u71)>=W?,+<'gsW=W)>+
H>/D7G/09GTV6B),JL/D)>-0=W9;/x)Z?>TVJD9G6�_O?>/DTj/D)O7_AB/0+(H>6�bcJ09;/0)u7:/0+_-0=W)u7:9G68^>?,7G6B=W)>+bH>/

τ
54'*9(6B)O7GJ0X*9:'K7:68=W)

)Z?>TVJ09;6�_O?>/wH>/0+V/PO}5>9;/0+;+G6B=W),+ YeSWaXS e fMSWa\S h ]Salb�/0?,9V+G=WTVTV/wH,=W)>)>/ τ theo
∞

|.AB' 7:/0),+G6B=*)vH%Po?>)>/
AB6BX*)>/F7:9G685>AB/bH>/_-0=W?,9G^>?>9;/[)Z?>A8AB/K|._O?>/[)>=W?>+I' sW=W),+I-0=WTV54'K9GJ['*?SO�Tj/D+G?>9;/0+I/PO}5	J09;6BTV/0)u73'*A8/0+
Y :�w 7:'*^%a?[}a�U°]Sa

{F=K7:=W)>+ _Z?,/LAB/0+FsK'*A8/0?>9;+
τ exp =W)u7_JS7:J0+_TV/0+;?>9GJD+_5	=W?>9bH>/0+_A86BXW),/ 7:9G685>AB/D+bH,/L-D=W?>9;^>?>9G/

0.1µm−1 . κ . 10µm−1 Y :�w f4X>a?[}a Z ]Sa4{F=W?,+F'gsW=W)>+e)>J0'*)>TV=W68)>+1-g'*A8-0?>A8J+Y -0=*TjTV/_H>JD-09;687H4'*)>+ A8/0+C9;J£W]aoJ09G/D)>-D/�x @ j |�U h zB]8_O?>/<AQPR/Pbn/S7 H>/<AB'F-0=*?>9G^>?,9G/<H>/<AB'FAB68XW)>/m)>/<H,/DsZ6B/D)O7.68Tj5	=*9;73'K)O7_Z?,/ 5	=W?,9
κ & 10µm−1 /D7I6BAn/D+;7eH>=W),-[)>JDXWAB68XW/g'K^>AB/bH4'K)>+I)>=*7G9G/_-g'*+DaK^N/D-06f68Tj5,A86\_O?>/_'*?>+;+G6

_Z?,/ -0/[T.HDTj/(/'bc/D7e)>/[5	/0?,7e54'*+I/�O}5>AB6\_Z?,/09IAB'L)>=*)%f A86B)>J0'*9G6 7:J(H,/0+eH>=*)>)>J0/D+0a
V 2>JD=W9G6\_Z?,/0TV/0)u7�=*) 7:9;=W?,sW/ ^>6B/D) H>/D+�sK'KAB/0?,9G+�H>/

τ
)>JDXu'K7:6dsW/0+�Tj'*68+k/0)OsZ689G=W) H,/0?^O

=W9GH>9;/0+@H>/IXW9:'*),H>/0?>9@5>A8?>+@5	/S7:6d7:/0+@/D)jTV=ZH>?>A8/=_O?>/eA8/0+.st'*AB/D?>9G+@/�O,5	JD9G68Tj/D)O7:'*AB/D+0a°c A>/0+;7m-0AB'*6B9
_Z?,/FAE'(sK'K9G6E't7:68=W)LH%P 'K)>XWAB/1H>/e-0=W)u73'K-D7i=W^,+G/09ysWJ0/F/0+;7iH>6X`V-06BA8/0TV/D)O7@68)O7G/09;5>9GJS73'*^>A8/I/D)j7G/09;Tj/D+
H>/0+ )�!*239�!<) 6B)u7:/D9:'*-S7:6B=*)>+NH>68+G5	/09;+G68s*/0+1/0)u7:9G/_A8/(A86�_O?>68H>/F/D71AB/b+G?>^,+;7:9G'K7ga4{e=W?>+<-09G=�mW=W)>+1H>=*)>-
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l(x)

a(x)

���������
	 ���� � ���tTS*@�·`¸-S�U`a-B.Z`�d
l(x)

'32 .I+n��*,.IA�AO�g����-BTS*���-�* C D��v./�g'���'�*�'�d�-S�U+���B.ZT1.I+��)�B.IT��}��-��©�BDE`��U+/Da��d�� � �?:Eh J TS� C TSd����B+/Ae�1`a� C TS*)�®`a�7�
��U� C AO*,A�D��v./�7'��°`

n τ exp τ theo
∞

9 −(1, 3± 0, 1)× 10−10N −1.04× 10−12N
10 − (2, 0± 0, 1)× 10−10N −1.52× 10−12N
12 − (3, 8± 0, 2)× 10−10N −2.33× 10−12N

�����	� 	 � � ���
�� �t*,� C �UTm�UDa��*,+Q�B+/A�TS��`a���_XU�U`a�B.IT��_AE0/d�*,TBD��v./���©�BA®�ih C dBTPDE���B+/AO�U`a���'��
τ L

�I�?sY�®�vzM��um�S�Y���msv��sv��ugn�V¬¢w�xIy�zYumwW{}|is��WsQ�W~vy/�Y�iu}�·�asv|g���WwWzM�lzM�Msv�Ws}��uS~v|]�W� |i�W�W|ium�S�Uu}�®�W��s}�
�I�?s$���U�a�W��s}|v���Ws§|mzM�fu�y/�U|K�W~v�M�a���Ms}�Y�W��s}|§ ²³I�v¤��Wrts}|�w?~vuS~v�mzM�Y~}�W~v��um~}|K�}zM�fuS�i�a�W�Wsv��uK�Ws§���U�W�a{v�ms
s}|m|is}�fuS�asv�a��s$7�a�°�W�a�l���I�?um��zM�l�Ws

θ
�Y�Z��y�svum��uSsv|K~v�PwWsv�a��s}|}�Zº©�Y�W|K���°|i�W��ums$�?zM�W|KyW�m~v|msv��uSsv�mzY�W|

�¦¬²�U�?uS�is}|�y?�ms}�Z�Ms}|§sB�Zy�~v�m�a�lsv��u��U�as}|cs}�Q�����Msv�W�_�Ws1�}sBumuSs1w�xIy�zYuSw?{}|msU�


������� � 4 ?�� , ��,�'@�(4�. ,��1��3 0), 0)' #$#�%&��, #������
¥3� ums}�W|i�azM���Wsq�a���M�Ws�� ~BuS~��ls}|i�W�m~vs ���Msv���W��µb~}�is}�fuSs}|luSsv�PwW�?�a���Ws}|v�Ky�zM�W�l�W� �M�m�Y�W�

�WzM�o�W�msQ�Ws�|ixI|iuS{v�ls}|�|mzY�a�a�?sB�O�������W���WsB�V�U�Yy�sv�W�}�®¥9sv|l�U�Y��s}�W�i|�zY�?uSsv�I�Wsv|�y�sv�?�Ms}�fu Pvum�msq|izM��u
y�zM|m��uS���Msv|_�I�?sG�W~v�f�UuS���Ms}|�sBu§�}zM�lyW�i�a|msv|�sv��um�ms

10−12
sBu
10−5N

 5¡,¤V�brtzM�l��s)�WzM�W|���¬²���MzM�W|
�W~��m����Y��u7�ms}���Y�i�I�?s}�o�}s}�a� s}|Nug�W´ �I�S�Y��|msv�]�?���Y�?�asv�ls}�fu] �V¬¢wW~BuS~}�izM�M~v�W~}��uS~R�Wsv|g|i�W�W|ium�S�Uum|
|mzM���a�Wsv|Qs}�lyW��z
xM~v|q�Y� �}zY�W�m|��Ws �vs}|qsP�Zyb~v�m��s}�W�vs}|}��� �WzUuS�msn�}zY�W�/�Y��|m|S�U�W�}snuS�m{v|�y�s}� �Ws
��sv|m�W�is}|�zM�fu�~vum~©�ms}�Y�a��|m~}sv|K|m�?���Wsv|�|m�W�i���U�}sv|c�WzM�fu��V¬¢wWzM�lzM�M~v�W~}��uS~�sBuc�a�°���Y���W�as�~v�Ws}�i�M�as$zY��u
~vuS~c�M~}�i� � ~vs}|v�Z¶·�ly/�Y�ium�a�v�W�a��s}�&�W�l|ms}�?�/uS�S���U�Y���V�Uy/�Y�®¥�����svut�Y�V�W ¢«?�}¤��Mum�S�Y��uSs��Ws��a�)�ls}|i�W�ms_�Ws
���°ums}�W|i�azM���Ws©���a�Y�Ws��Ws$�V¬¢zI�vu��U�Ws§|m�W�K�W�Ws$|m�W�N���Y�}s$|m�a�a�Y�W��|m~vsY�I¥3sv|��MzY�?umuSsv|K|mzM�fu��}zM�W�?s}�W|i~}s}|
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� -	A8<> 9 ��� � �t������)PQO1��<)*�51�, #�2 /K�M1 %©9¬#3! �31�2SQ QO!<)$/K�  <) #3! 9X��9 �X��,4!dQ	���«/K9�!$/01�23�
#�� � R �M!*, Q�)�:<1�2�/K9�!<) 9 � ��2%�	#3!<)*>5)*2�#*)PQ	�;�&QB-g1$#*)�!*� R R !�!*, �"1�#3!,�E�l>������ Li9;7 R :<@0!*9B9�!
R !*��QC�5:;��9�!u!<)PQg,41����+��9 ��) R !<-g#87 �*/K�5 <) 9X� � R w£J � D°D��iN�J

H>6B9;/0-D7G/0TV/0)u7x+G?>9LAB/"+G?,^>+;7G9:'K7V5>'*9L)Z?,-0A8Jg'K7G6B=W)%|h5>?>68+LAzPR'*)>X*AB/kH>/�-0=W)u73'*-S7V/S7xAB/"9:' mW=W) H>/
^4'*+G/_+;=W)O71Tj/D+G?>9;J0+I5>'*9<Tj68-09;=W+G-D=W5>6B/F=W5,7G6�_O?>/(6B)u7:/09eW J09;/0)O7G6B/DABA8/F/0)w9GJ �4/PO}68=W)%a?^N/D-06%5	/09GTV/D7
H%PR=*^,7:/D)>6B9

τ
5	=W?,9\?>),/"7G/0TV5	J09G'K7:?>9;/"H>=*)>)>J0/KaTb.PoJD7:/D)>H>?>/�H>/"AB' Tj/D+G?>9;/�/D+;7L)>J0'*)>TV=W6B),+

6B).W JD9G6B/D?>9G/$aY-D/0A8AB/F'*-D-0/D+G+G68^>AB/F54'*9 h jTk 5>?>68+;_O?>/bAE' TV/0+;?>9G/FH>/
θ
)%Po/0+y7<5	=W+G+;6B^>A8/$_O?>/b5	=W?>9

H>/[XW=W?,7;7:/0+IH,/[7:'*6BA8A8/b+G?>5	JD9G6B/D?>9G/�a _O?>/0A\_O?>/0+eH>6�C0'*6B),/0+1H>/[TV6B-09;=W)>+Da
b�/0+b'*?}7:/0?,9G+F=W)u7F=W^>+;/09;sWJ`AQPR'*ABAd?>9G/_H>/

τ
aVAzPR'*5>5>9;=Z-M2,/ H>/YAB'L7:9:'K)>+G6d7:6B=*)�H,/YTj=*?>6BA8A8'*X*/*|

_Z?,6@5	=W?>9[-0/V+em}+y7:lDTj/V+G/V+G6d7:?>/+a
T = 45.4◦

^ba8b�=W68) H,/VAE'"7G9:'*)>+;687G6B=W) 6BA8+(7G9G=W?,sW/D)O7
τ '

−5 × 10−10N _O?>6h/D+;7(?,)>/YsK'KAB/0?,9F54'*9;Tj6�AB/0+e5>AB?,+'W '*6B^,AB/0+ITV/0+G?,9GJ0/D+(54'K9FH>/D+b7G/0-32>)>6\_O?>/0+
H>/1TV6B-09;=W+G-D=W5>68/N=W5,7G6�_O?>/ x h zQau{e=*7:=*)>+T_O?>/1H4'*)>+ AE'b+G/D-D7:68=W)x5,9GJ0-DJ0H,/0)O7G/e)>=W?,+@' sW=W),+@=*^,7:/D)Z?H>/0+(sK'*A8/0?>9;+_-0=WTV54'*9G'*^>A8/0+bH>/

τ
54'*9(AB/D+�f,7:+_AB68)>Jg'K6B9;/0+ Y 5	/0?U+:'K7G6B+�W 'K6B+:'K)O7:+M]FH,/0+[H,=W)>)>),J0/0+

H>/ AB' f4X>aK[Za Z a?bf'��!/D7e-0=*ABAE'K^	=W9:'t7:/D?>9G+1=*)O7e68)O7G/09G5,9G/D7GJ[AB/0?,9G+ITV/0+;?>9G/D+F+;/0A8=W)�AB/_TV=}H,l0A8/_H>/
H>J05>AB'*-D/0TV/0)O7<HnPR68)O7:/D9�W 'K-0/uxoSyqyzz|,'gsW/0-(?>),/(/PO}5>9;/0+G+;6B=W)�5>2>JD)>=WTVJ0)>=*AB=WX*6�_O?>/ �°#u@01�: 5	=W?>9

ω
|

+:'*)>+Y=W^,7G/0)>689 H%P 'K-0-0=*9GH�_O?4'K)O7G6873't7:6\Wi-0=W2>JD9G/D)O7L'gsW/0-kAB'w7G2>J0=W9;6B/Ka(c AB+ =W)O7YH>=W)>-j+;=W?>5 	0=*)>)>J
AzPo/'bc/D7IH%Po?>)>/ 2>JS7:JD9G=WXWJD)>J06d7:J[H>?�+G?>^,+;7:9G'K7Vx�U.S*|dS�[ _ zza^N/0-D6%5,9G= sZ68/0)u7<H>? W '*6d7 _O?>/K|>-D=WTVTj/F),=W?>+<AQP 'gsW=W)>+NTV=W)O7G9GJb'*?"54'*9G'*XW9:'K5>2>/b5>9;J0-Dl0H>/D)O7g|
7:=W?,7G/`/PO}5>9;/0+G+G68=W) H>/

ω
-g'K9:'*-S7:/09;6B+;J0/\5>'*9bH>/D+ )�!*2%9�!<) w 1��<:<!<)u#���)O/0!*�<)*� R !<) /0)u7:9;/\AB6\_O?>6BH>/ /S7

+G?>^>+y7:9:'t7k+G=WA86BH>/w)>/ 5	/D?,7k54'*+j5,9G=ZH>?>689G/�H,/�7:/0),+G6B=*)&H>/ A86BX*)>/wH>/ TV=ZH>?>A8/w+G?,5cJD9G68/0?>9;/ a
10−11N

' sW/D-V?>) -32>=*6MO 9GJg'KAB68+;7:/\H>/0+ 5>'*9:'*TVlD7G9G/D+[H>? Tj=ZH>lDAB/K|%)>=*7:'*TVTj/D)O7_AE'ksK'*A8/0?>9_H>/
AE'\-0=W)>+y73'*)u7eH>/�{b'*Tj'&]*/D9IH>?�+�mZ+y7:l0TV/*a
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Bb/D+"st'*AB/D?>9G+kH>/
τ
H>/ AQPR=*9GH>9G/�H>/�S j

−10N
=W)u7"JS7:J 9;J0-D/0TVTj/D)O7"=*^,7:/D)Z?>/D+�54'K9kH>/0+

TjJS7:2>=ZH>/D++h6jlk Tj'*6B+\+G?>9xH>/0+V+�mZ+;7Gl0TV/0+jH>6MbnJD9G/0)u7:+xH>/�-0/DAB?>61/S7:?>H,6BJw6B-06Qa Nh'*9V/�O}/0TV5>AB/
{F/09;Tj68)>XW2>'*?>+�/S7 -D=WABAQarxoSrS£zu=W)O7fTV/0+;?>9GJ.AE'<H>6B+y7:=W9;+G68=W)_H>/@AE'<A86BX*)>/C7G9G6B5,AB/ H,/@XW=W?,7;7:/D+fH>/.7:'*6BA8A8/
Tj68-09G=*TVJD7:9;6\_O?>/x+G?>9YH>/D+`+G?>9eW '*-0/D+`5>9GJD+G/D)O73'K)O7\H>/D+`H>=WTj'*6B),/0+[2vmZH>9G=*5>2>6BA8/0+ ) 2vmZH>9;=W5>2>=*^	/0+'*A87G/09G),J0+ xXSrS�[yzza�b�/_54'*9y7:6B/D+<2vmZH>9;=W5>2>=W^	/D+e+;=W)O71-0=W)>+y7:6d7:?>JD/0+VY -0=WTVTV/(H>'*)>+1)>=K7:9G/(-g'*+M]N54'*9
H>/0+fTV=W)>=Z-D=W?>-32>/0+�H>/.+G6BAB'*)>/C+G?>9�+G68AB68-0/h73'K)>H>6B+�_O?>/@A8/0+�54'K9;7:68/0+%2vmZH>9;=W5>2>68AB/D+�+G=*)O7f-0=WTV5	=W+;J0/D+
H>/b+G6BA868-0/e)Z?>/Ka�bf'YH>J05	/D)>H4'*),-0/_H>/

θ
/0)"W =W)>-S7:6B=*)kH>/bAE' -0=W?,9G^>?>9;/(AB=Z-0'*AB/IH>/(AB'YA86BXW),/I7:9G685>A8/

/0+;7F6B)u7:/09;5>9G/S7:J0/ +G/DAB=W) AQPoJ�_O?4'K7G6B=W)�H,/ �m=W?,)>XjTj=ZH,6�f4JD/*a Bb/Y-D/D7;7:/YTj'*)>68l09G/_AB/D+F'*?,7:/D?>9G+e/0)
H>J0H>?,6B+G/D)O7 xoSrS£z

τ = −3×10−10N 5	=*?>9CAzPo2>J�O>'KJD7:2°mZABl0),/<XWA\mZ-D=WA4Y +;?>9CAE'F54'K9;7:68/i2°m}H,9G=W5>2,=W^	/
H>?�+G?>^,+;7:9G'K7�]i/D7

τ = −8× 10−11N 5	=W?>9<AQPo/g'*? Y +;?>9<AB'`54'K9;7:68/b2°mZH>9G=W5,2>6BA8/�]Sa3c AB+<'�`V9GTV/D)O7
_Z?,/V-D/0+_sK'*A8/0?>9;+[H>/\7:/D)>+G68=W)UH>/xAB68XW)>/`+G=*)O7[-0=WTV54'K7G6B^>A8/0+(' sW/D-VA8/0+_5,9GJDsZ68+G6B=*)>+(7:2>JD=W9G6\_O?>/0+
^>6B/D) _O?%Po6BA8+x)>/�5>9;J0+G/D)O7G/0)u7"54'*+VH,/�-0=WTV54'*9G'*6B+;=W)>+ _O?4'*)u7:687:'K7:6dsW/0+V'gsW/0-�?>)vH>/0+VTj=ZH>lDAB/D+
5>9G=W5	=*+GJ0+eH>'*)>+IAE'\AB6d7G7:JD9:'K7G?>9G/Ka

Nh=W?>9@A8J0XW6d7:68Tx/09 -0/D+i9;J0+G?,A873't7:+0|v{e/09;Tj68)>XW24'K?>+@/S7N'KAza0xoSrS£z	'*9GX*?>/0)u7i5,AB?,7 	*7@H>?+W '*6d7T_Z?nPR=W)
=W^,7:68/0)u7 AB/D+[T.HDTj/D+_sK'*AB/D?>9G+[H>/

τ
54'K9 ?>),/jTVJS7:2>=ZH>/xH>6�bcJ09;/0)u7:/+_O?>6@-D=W)>+;6B+;7G/ a�TV/0+;?>9G/D9

54'*9=h6jlk�A8/_5>9;=&f4A%H>/D+IXW=W?,7;7:/0+15>9GlD+IH>/[AB'\AB6BX*)>/F7:9G685>AB/K|
l(x).

NC'*9�Y5[Za�@v]M|>-D/0-D6f5	/D9GTV/D7IH>/
H>J0H>?,6B9G/xH>689G/D-D7:/DTj/D)O7

ω
H>=W),-

τ.
^N/x7�mZ5	/VH%PR'*5>5>9;=Z-32>/V/0+;7 )>Jg'*),Tj=W68)>+_5>A8?>+[+G?>+;-0/D5,7:68^>AB/

H%P 'K9;7:/*W '*-D7G+N/�O,5	JD9G68Tj/D)O73'K?^O Y /Pbn/S7:+NH>/F-0=W)usW=WAB?}7:6B=*)j5	=W6B)u7:/'h6jlkZf JD-M24'K)O7:68ABA8=*)%|u5	/09y7:?>9;^4'�f
7:6B=*)>+fH,/mAzPo6B)u7:/D9�W '*-D/.AB6\_O?>6BH>/K|DsW=W6B9�A8/@-324'*5>6d7:9;/gUI5	=W?>9fA8/@H>JS73'*68AB]Ma �F)>/m5>'*9;7G6B-0?,AB6d7:J¬W 9G'*5>54'*)u7:/
H>/0+.Tj/D+G?>9;/0+.H>/ {F/D9GTV6B),XW24'*?>+C/D7@'*Aza.xoSrSy[yz>/D+;7@AE'bH>J*W =W9GTj'K7G6B=W)`H>?x5,9G=&f4A,H>/D+@X*=W?,7G7G/0+.5,9Gl0+
H>/[AE'\A86BXW)>/F7:9;6B5>A8/*|}5	=W?,sK'K)O7F'K7;7:/D6B)>H>9;/_5>AB?,+G6B/D?>9G+1H>6 Cg'*68)>/0+<H>/[)4'*),=WTVlD7:9;/0+�Y :�w f>X>a?[}aXSrSy]Sa
{F=W?>+C' sW=*)>+CTV=W)O7G9GJg_O?>/N-0/S7G7:/NH,J£W =W9;Tk'K7G6B=*)%| H>/iAzPo=W9GH>9;/mH>/

τ/γ
|t)>/NH,J054'*+;+G/<54'K+¬_O?>/DA�_O?>/0+

)>T H>'*)>+(AB/Y-g'*+(=*? A8/0+b6B)u7:/09G'*-D7G6B=W)ta"A8=W)>X*?>/`5	=W9y7:JD/\AB6�_O?>68H>/�f +G?,^>+;7G9:'K7b+;=W6B/D)O7(H>/\)4't7:?>9;/
5>?>9G/DTj/D)O7eH>68+G5	/D9G+G6dsW/"Y :�w AB' f4X,aK[}aXS j ]Ma

B('*),+@?>)>/e'K?,7:9G/1/�O}5	J09G68/0),-0/*|u?,7:68AB68+:'K)O7 /D)>-0=W9;/IH>/D+mTVJD7G2>=ZH>/D+@H>/1Tj68-09;=W+G-D=W5>68/=a_+;=W)>H>/
AB=Z-g'KAB/K| > '*A8TV/09G=*)w/D7 JI6B/D?,7:=*9GH xoS j z ' sK'K6B/0)u7eJ0XW'*AB/DTj/D)O7I-0=*)>+;73't7:J ?>)>/ H>JD5	/0)>H>'*)>-0/Y/0)O7G9G/
'*)>XWA8/@H>/m-0=W)u73'*-S7h/D7 73'K6BA8A8/.H,/iXW=*?,7G7G/0+ H%PR'*-068H>/m+G?,A\W ?>9;6�_O?>/@H>/05	=*+GJ0/D+ +;?>9 Tj68-g',ay^N/D+ 'K?,7:/D?>9G+
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S1,∀ (x, y) ∈ A−D

S2,∀ (x, y) ∈ D
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− πr2{[1− p(r)]S1 + p(r)S2}.
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#)(* �� 3 #��j���?�������1 =����#��<�� �#{�= �����m��������������8 ="�#���$k�����P#��m#���� 3 ���?#E C#�� 3 ���.� 2!3�4�B<4�D 2�" 4MR ��+�
�������8� 3 ��+����8�d����+��D$%����+�������u�����D�Q �#���+���D����$%����������D�����8���2t2

◦
�.�O2 B

◦
>G���.������$%�����u��#�+��

�0���8�,�8���� �+��k#����P�= =#���+����$n =��������������	 �+����i�W(* 6�= ��������n�.�d�����+�#����k�0��+��#��?���<������ ����=>{�����8
�0������������$k�����D��� Dty ± s�4Cy ◦ ����2wx�>�� ± s�4zy ◦. G �����g�����u����������j��O~ =+ �  ��,�� <+��j#���� 3 ��+��������-�������������������������+�V#������� ���������S��#�������@���#����S��+%��+�"��H�88 Q�u <+A(*��#�#����V$%��+���#�#������S�! 6�= ��&�1 3 �- �+! ����
#���+�N�1 ���#�#,�D���H�J����$%�! �8 ="�#��!6m����#�#��u�����'��� �  �+���� 4

* +�j�����?��+� �  =���5@��.�8���� 3 7������?����+��? 6�������? =+��������8���H�8�5#E 9�= �#������,�8�k���5#)(r�� �+! Q�8����� ���
G  ��������?�

cos θ = p cos θ1 + (1− p) cos θ2,
� B/4 4t"
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��� p ��������� ��� ����� � ��!#" �$�&% �S� ����� � ���'%)(+*��,(-� � �.��� N � � � � " � ! �&��� � ��* � ( @ ��/ �'�0��� � ����� � � ���1*��
(-� � % ! � !)2 ��� " �3� ��! �4����� θ1

 %)���65 ��! �1%)()( � �1��* 2 ��� 6 ���87����.��% �:9 ���1% � *'��( � % � �;��� � %)� @ �@ � 9 ��2�<'! � � ")��!)! *��'� " �>= 2)? B ? D " ? (1− p) �����:�;� ��� ���'� � ��!,� ���'%)(+*��3(-� � �.��� � * 2 � ��! � 9 � � ! �
" � ! �1��� � ��* � ( @ ���.�'�@( � % � �.���  %)���.����� θ2 ' 0◦ ? * %)�.7A� ! �,��� 9 *'� @ �
" � " *�� � �.�&�B��% ? B ? � ? D >
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" *���� ! ���&% � �.���:� � %E� @ ���Q� � 9 ()� < � ���R7���%E� θ2 =

32◦ ��� ")��! �0(-� � ��()(E���.�P���&� ��!I" � � B ? 4 " ��!J��/ � ��� ! � �

cos θC12 = 0.5 cos 32
◦ + 0.5 = 0.924 =⇒ θC12 = 22.5

◦,

 %E�S�'�1� / ��� ! �65O� !)2 ��� 9 �'�&% � *3( � % � " ��� 2�� %E�&�&��� " �T�4�����.�.� 9 �.�.�.� 9 *�� � �  %E� � Dty ± s ? y ◦ > <�> = 2)?B ? D " �&% � ���'�Q� � %)� @ ���>� ! � � 9 ()� < � ��� ?
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t�h©k�b$q&��h%g6j�acj�t{z|o[qWh%pcq&¥`kOtHj�k&l�q�f�pcpcfHw$¢c��ª�o[bckIhi�[o[wckGpcq�o�g6�`ac�^uPt)z�o�����aBhsl�fHo[w�a$j`kOfHdIpcb/�
q�j6l��`k�o[q&¢@h%wcf��xbcj`kVp$q��`k&j`w@l�j`kUk�b$q�t�j`kVpBhsk&l�f�tHt�j6kypBhsqVfHdIdIj`q&k�f�o[wPach%wck�b$w¡dI�`tHh%wc¢[j�«

7 : 3 ¬
2 ®c¯ 4 °  2 ¯ 2 p�j6wcaBh%w@lv±[²GdIfHwxb$l�j6k`��vp$q�¥`kW�3�sh%p�o[q�hsl�f�o[wCacjM�[��²�wcd³az�o[qe«{u�bcwcjF��f;l�j`k&k�j�acj©�`´ ° kRj3lGb$wcjFl�j6d\p��6q�hsl�bcq�jacjF±[²

◦ µ ¬ j6lUac�6l�h%g��cj`dIj`w@lWa$j\t�h�d\hsl�q&fHg6j%�¶o%wCo%r$l�f�j`wxl�tHjOk�bcrckml�q�hslRacj\t�he�c¢c���$�¸·+a¹��º»h
q�bc¢[o%k�f�l��yacjVk�bcqm��h%g`jVj`kml�acjVt)z�o[q&acq�jya$jI�%�¸¼Wwcd^�

½�¾m¿À¾]Á ÂÄÃcÅÆUÇÀÈÀÅÊÉvÅÊËmÇ7ÌÎÍÀÏ�Í~Ð¦ÍÀÑ�ÐBÒ�Å
º¶j�¢%q�j6Ó¦h%¢[jna$j�t�hyg6o[bcg��cj�k&jn��h%f�lÔpBh%qÀfHdIdIj6q�k�f�o[wGacj6k�k&bcq&��hsg`j`kTaz�o[qÀpcq�j6pBh%q��6j`k�g6o[dId\j

ac�`g6q�f�l�h%bEÕ�pcq&�`g`�6acj`w@l�aBh%w$k�bcwcj�k�o[t�b$l�f�o[w�acj�aco�ac�`g`h%wcj3l��cf�o[tHknpcq��`h%tHh%rctHj6d\j6wxlnacf�k&l�fHt�t��6k�u
�id�Ö×ach%wck�t)z��6l��Bh%wco%t0bct�l�q�h%p$bcq��ÙØ@Ú+�)�$º¶jvl�j6d\pck}acj�q��`h%g6l�fHo[w�j6k&l�lJ��pcf��xbcj`dIj`w@l~acjV·sØW��$�
t)z�fHk�k&bcjÀacjÀg`jTpcq&o�g`j6k�k�b$k`�st�j`k»k&bcrck&l�q�hsl�kÛaz�o[q»k&o[wxl�o[tH�6o[pc�co%r�j`k»j6l�tHj6k�h%wc¢[t�j`k»a¦zÜhi�sh%wcg6�`j�j3lÛq&j3�
g`bct��`j�dFhsg`q�o%k�g`o%pcfH�xbcj6k}acj�t)z��c�S�chsac�`g`h%wcjvk�bcq�t)z�o[qTj3�sh%p�o[q&��u

30◦ µ �sh%t�j`w@l}q�j6k�p�j6g6l�f;�[j`dIj`w@l
θa = 46, 2±0, 3◦

j6l
θr = 40, 0±0, 3◦

� ® bcqÔt{z|o%q�bct�l�q�h%p$t�hslÛo[wGo[r$l�f�j`w@l θa = 45, 3±0, 3◦ j3l
θr = 41, 3± 0, 3◦

�/Ý�h%wck}tHj6k}acj6b/��g`h%k}tHj`k}h%wc¢%tHj`k�az|h��+h%wcg6�`j�k�o[w@l�g`o[dIpBhsl�fHrct�j6k}hi�[j`g�g6j`b��
az|b$wcj�k�b$q&��h%g6j�j3�/p�o[k�h%w@lÔacj`k�¢%q�o[bcp�j6d\j6wxl�k�d\�3l��x��t�j`k�a$j`wck&j`kn�ÙØ@Ús�{�%º¶j���hsf�lÛ�xbcj�t{z|�@�/kml��6q��`k&fHk
d\j6k�bcq&�Ok&bcqVt{z|o%q�bct;l�q�h%pctHhslvk�o[f;lypctHb$kyp�j6l�f�lyk�j6dWrctHjW§6l�q�jGacÞEuet�hFpctHb$k���h%f�rctHjUq�bc¢[o%k�f�l��Wacj
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1I=N@�/LGXW +CB0-C<P/�1 G0/ <�F B � + < �V< F�< +�<�/ Q
+C@0� �5G0/ G0/I) ;�6PQH@ F � < 1DQ
+C@ G0/�1 < +C< F ��� /�1
1�QUT  I@*;
	J=$/�1 � < �Cb
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	�� ���� �_ �� %(8�B0-C<P/ G0/ <*F B �S+ < ��) F � /IB G0/,- F = � ��/ G0/ G F G  < +CBM/ @�/�QH@$ �1./IB �� 
/IB > F B < ��; F B GC=3@�+ � F B ) F � /IBHb � /�1�	 +C<P/I=0@�1 1 F B ���A@�a�1OGC;P1�QU/I@�1� �/�1�� < +C=?1./OG0/
< W T � 1��� I@$ �1I;P1Jb
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d

�
	�� ���� �! N� % ��;�) ;�BU=M��; F B � +C6�����QH=N;P1D+C=�-C) /IB �S+��A; F B ���J6 < � GC= 	 F <>=0) /DGXW =NBM/
- F =M����/ G0/3G F G  < +CBM/ 1I=0@ <E+ 1I=0@ > + < /3GXW F @ G0/T� - 1Jb��Cb��0+�� �ZQ
+ 1�1I;�	� �/ +�	C/ < GC=
G F G  < +CBM/�� T0; F <Eb � G�� 4 F )�Q
+C@�+C;P1 F BLG0/�1 QH@ F � < 1VG0/�1 - F = � ��/�1 ����� � < +C@*@�/ +C=��.� /��
� < � � < /I@ < <P/�1��Cb
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	�� ������! � %(8 QH@�a�1 +C=C-C) /IB � +���; F B GC= 	 F <>=0) / G0/�1 - F =M��� /�1 /IB ��+.� F B @�/I6
),+C@ 	J=U/�	J=U/ 1./I=0<P/I) /IB � < /I@ � +C;�BM/�17Q F @���; F B
1�G0/ <E+5<>;E-CBM/ �A@*; QH<P/ � ;�B$G�; 	J=  �/�17Q+C@
<P/�1�� a < TU/�1 � +�	 +CB < /IB �������Cb�� B�� < � F B <*F )�Q
+C@�/ <P/�1VQH@ F � < 13G0/�1 - F = ��� /�1 /IB
� +�� �,�A@�+C;�� Q F ;�B ��;�<�<! �� /�� ����� �,�A@�+C;�� <�F B ��;�BU=��Cb
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cos θ = r cos θmacro = 1.377× cos 33◦ > 1.
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o , �d_�e�t���nKe�cfbZ�Ke�^�o#xyaObZt�i9nA{fe2j�g9aOc:ewo�_�l;_�u�l�g�i�j4g��dk=xynK]��^AkOk�^Ie2j�e�cfbZnAg9i9a��`_�^It�i9c5sfc��-_�n
t2j:iYk�j[]Kcfe�o�^Ke�l9j�g�a�cfe�o�^So�c-o�nK]Kj:e�^�o2j�e�l>kO^Kl>j:e ) i9j:]Ag9_�cfl9aGg�nAl>o�^Sk�j[l9_�i ) j:]A^:v� ^Klrj:e�cfbdj:k�a�^Al l9cfehgrbZcfa�e�l nAs-a�o�^Kehg�^KlXkOcfi;l��`_�^UkOj�i9_�{:cfl9aGg�n>o�^KlXbdcfe�c-]Kcf_�]R��^AlX^Kl;grt�kO_�l) j:aOu�k�^ ! �qe�b ,RV�) #+v���^KlY{fcf_�g;g�^AlYcfehg>_�e�^ ) c:i9bZ^�t�kO_�l�l9t���nKi;a��`_�^�jqsf^K]�o�^Kl>j:e�{fk�^Kl�]AcfbZt2j�
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i9nqj�{faOl;l9^Kehg�^Ae�l9_�aGg�^�jqsf^K]
kO^Al�j�kO]K�Ae�^Al�t!c:_�i ) c:i9bZ^KiX_�eLi9j:o�aO]Kj:k!j:kNK%�-k�^
j�g;gj:]��n���kOj�l9_�i ) j:]K^
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nAg�nI{f^Kehg�a�bd^Ae`gBl ��ehg���n+g�a�l9nKl
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g�^Kl�g}o�^Wbdc:_�aOk�k�j:{:^:vD��j k�aO{fe�^do�^L]Acfe`g�j:]Ag[o�^L{:cf_�g;g�^Kl�bZcfe`g9i9^d_�e����-l;g�nAi9nAl9aOl�g�i9�Al ) j:a�u�kO^
!*) 2◦ # ! �8� �2{�v � vy�%#+�`]KcfbZt2j:i9j:u�k�^Bj:_Wbdj:]Ki;cfl9]Acft�a��`_�^ ! ∼ 3◦ #+v��Ucf_�l�jqsfcfe�l�o�cfe�]
^+g�_�o�a�nBk�j
o�nKt!^Ae�o2j:e�]A^
o�^Uk=xzj:e�{:kO^�o�^U]Kcfehgj:]+gro�^Alr{fcf_�g;g�^Al s-aOl ��s-aOl o�^UkO^A_�i gj�aOk�k�^:vf��cf_�i o�^KlXi�j��fcfe�l
o�^wu2j:l;^ o�^wk�xzc:i9o�i9^|o�^ �`_�^Kk	�`_�^KlWbZaO]Ki;cfe�lNcfe g9i9cf_�sf^ o�^KlLj�e�{fkO^AlZt�i9c-]��^AlWo�^KlZs�j:k�^K_�i;l
bWj:]Ai9cfl;]Kc:t�a��`_�^AlUbZ^Kl;_�i9nA^KlUl9cf_�lBj�g9bdcfl;t����Ai9^Sl9j�g�_�i;nK^�o�^Ss4j:t!^K_�i9lUo�^So�c-o�nK]Kj:e�^�v+ e�l9_�a�g�^Sk�x j:e�{fkO^�o�^�]Acfe`g�j:]AgUo�aObZa�e-_�^�j5s:^K]�kOj[gj�aOk�k�^�o�^�{:cf_�g9g9^S^+gq�2t2j:iY_�e|��gUk�aOe�nKj:a�i9^
o�^Kl o�c:e�e�nK^AlXo2j:e�l kO^�t�kOj:e$! cos θ, 1/r #+�fe�c:_�l g9i9cf_�sfc:e�l τ/γ = 17 e�b ! �8� �2{�v � v 9 u #+v � ^KkOj
]Kcfi;i9^Kl;t!cfe�o �W_�e�^Ig�^Ke�l9aOc:e�o�^[k�aO{fe�^�o#xz^Ae`s-aOi;cfe  �5\ −10N ��^Ae�]Kcfi;^�g�i9c:t�aObZt!cfi�gj:ehg�^�t!cf_�i
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e�^|t2j:lNl9cf_�t �Kcfe�e�^KiZo�^KlN^ ��^Ag�lNo#xz��nAg�nAi9cf{:nKe�nAa�g�n|o�_�l9_�u�l�g�i9j�gdl;_�i θ v �Ucf_�lZj5sfc:e�lZo�c:e�]
^Kl9l9j(�fnS_�e�j 
;_�l�g�^KbZ^Ae`g>j5sf^A]�k�xz^Rp�t�i9^Kl;l9a�cfe ! 9 v ! # �`_�a#o�cfe�e�^ δr = 57nm ��]AcfbZt2j:i9j:u�kO^
j�_�p
s�j:k�^K_�i;l>cfu�g�^Ae-_�^AlUl9_�i>kO^Al>l;_�i ) j:]A^KlUl9a�k�j:e�aOl;nK^AlKv

�J]Ka�j:_�l9l9arcfe&t!^A_�g}a�bWj�{fa�e�^Ki �`_�^Lo�^Kl[a�bdt!^Ai ) ^K]+g�a�cfe�l�o2j:e�l�kO^dt�i9c-]K^Al9l;_�l}o�^ ) j�u�i9a�]qj�
g�aOc:e o�^AlW]Kc:_�]R��^Kl�! k�jQt�i9nAt2j:i9j�g�a�cfe o�^AlWl9_�i ) j:]A^Kl . a� � ^Kl;gWo�nKk�aO]Kj�g�^�#+� t�_�a�l9l9^Ae`gLj��@^A]Ag9^Ki
kO^�{fi9^ �#j:{:^wo�^KlW]�2j�Oe�^KlWj:aOe�l;a��`_�^ k�^K_�iZo�^Ke�l;a�g9n o2j:e�ldkO^�t�k�j:e o�_�l9_�u�l�g�i�j4g,�-_�aBl9^Ai�j:aGg
e�cfe �_�e�a ) c:i9bZ^:v + e�t�kO_�lA��e�c:_�lIjqsfcfe�lSo�n 
 � ) j:aGg�i9^AbWj:i �`_�^Ki �`_�^Zk�^KlSl;_�u�l�g�i�j4g�l�^KbZt�kOc(�fnKl
t!cf_�i�]K^Al�bZ^Kl;_�i9^Al�l;cfe`gI_�e t!^A_ bdcfa�e�lSc:kOnKc:t���cfu!^Al1�`_�^do�^Al�l;_�i ) j�]K^KlIbdn+g�����k�^Kl�o�^Ae�l9^Al
! �8� l;^K]+g�aOc:eWt�i9nA]KnAo�^Kehg�^(#Rv � ^KkOj�l9^UsfnKi9aG�2^Bt�_�aOl��`_�^BkO^Alr]�2j�Oe�^Kl�j�k�'��-kO^Alrl;cfe`grbdcfa�e�l o�^Ae�l9^Al
^AgBkO^KlUbZcfk�nK]A_�kO^Al>o#x j�kO]qj�e�^KlUt!^K_�sf^Ae`g�t2j�i;g�a�^Kk�k�^KbZ^Ae`g>t!nKe�n+g�i9^Ai
o2j�e�lBk�jN]Acf_�]��^�sf^Ke2j:ehg
^Ke
]Kcfehgj:]+gUo�^Kl>{fi9cf_�t!^Kl � � 2.� ^KlI]Acfe�]AkO_�l;aOcfe�lSt�i9nAkOa�bdaGe2j:aGi9^AlS]Acfe�l�g�a�g9_�^KehgI_�e(t!cfaOehg�o�^Zo�nKt�j:i;gIt!cf_�i�_�e�^ZaOehsf^Kl;g9a�
{hj�g�a�cfe t�kO_�l�o�^+gj:a�kOk�nA^do�_�bZcf_�a�k�kOj�{f^Zo�^Al}bZcfe�c-]Acf_�]��^AlNj�k�'��-kO^KlAv���j:i�^+p�^Abdt�k�^La�kXl9^Ai�j:aGg
aOe`g9nKi;^Kl9l9j:e`g�o�^QsfnKi;a��2^Ai�l;aSkO^Al|bdcfe�c-]Kcf_�]R��^Al ) cfi9bZnK^Al�j5sf^K]�o�^Alw]�2j�Oe�^Kl|t�kO_�l�k�cfe�{f_�^Kl
!�e C ≥ ��� #+��o�cfe�]�t�kO_�lYo�^Ke�l;^KlA�!l9cfehgUt�kO_�l>��c:bdcf{:�Ke�^AlUj:_�p|t!^+g�aGg�^Kl>nA]��^Kk�kO^KlAv
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��j:e�l
]K^I]�2j:t�aGg�i;^Ie�c:_�l
j5sfcfe�l
n+g�_�o�aOnIk�^�bZcf_�aOk�k�j:{:^So�^�bZcfe�c-]Acf_�]��^Al�j:k '���k�^KlUl9_�iBl;a�
kOaO]Aa�_�b�v���jwt�i9cft�i;aO^+g�nZk�j|t�k�_�lIi;^Kbdj:i��`_2j�u�kO^Zo�^d]K^Kl�l;_�u�l;g9i�j�g9l�^Kl�g[k�^K_�i�{fi9j:e�o�^Zt�k�j�e�nKaGg�n
j:_�p}t!^+g�aGg�^Kl nA]R��^Kk�kO^KlAvh��^Kl ]Acf_�]��^AlXl9c:e`gXj:_�l9l9a�l9_ �Zl�j�bdbZ^Kehg ��cfbZcf{:�Ke�^Al t�_�a�l��`_�^>kOj�k�aO{fe�^
o�^Wu2j:l;^Lo�^Kl[{:cf_�g9g9^Kl�^Al;g�g�i;�Kl�t!^K_&o�aOl�g�cfi;o�_�^d^Ag[k�xz���-l;g�nAi9nAl9aOl�t!^K_&t�i;cfe�cfe�]An !*) 2◦ #Rv + e
i9^As4j:e�]��^:��]K^Al[l9_�i ) j:]K^Al[l9cfehg[bdc:aOe�l�cfk�nKcft���cfu!^Kl �`_�^WkO^Al�]Kc:_�]��^Kl[o�^Ll;aOkOj:e�^Z]KcfbZbZ^dcfe
t!^K_�gNkO^W]Kcfe�l;gj4g�^Ki}t2j�i}o�^KlNbZ^Kl;_�i9^AlNo#xzj:e�{:kO^Lo�^P]Kcfehgj:]+gNbdj:]Ki;cfl9]Acft�a��`_�^�v � ^Kk�j�^Al;gNo��
s�i9j:aOl;^Kb[u�kOj:u�k�^KbZ^Ae`g��Sk�j�t�kO_�l ) j�aOu�k�^�o�^Ke�l;a�g9nUo�^KlX]Acf_�]��^Kl�j:k '���k�^Kl ]Acfe�l;n �`_�^Kehg�^ �S_�eZt�i9c�
]K^Kl;l9_�l�o#x j�l9l9^Ab[u�k�j�{f^Uo�a �@nAi9^Ae`gqv`�Bcf_�lXcfu�l9^Ai;sfc:e�l�aO]Aam_�e�^ ) j:a�u�kO^Yo�aObZaOe`_�g�aGcfeNo�^Uk=xzj:e�{fk�^Yo�^
]Kcfehgj:]+g
o�^Kl
{:cf_�g9g9^Kl
j:_�p�t!^Ag�aGg�^Al
nA]��^Kk�kO^KlA�!o�aObZa�e-_�g�a�c:e|g�i;cft a�bdt!cfi�gj:ehg�^St!c:_�i ;Ag9i9^Io�_�^
j:_�p�l9^K_�kO^Kl ) cfi;]K^KlSo�a�l9t!^Ai9l9aGsf^KlAv � ^Ak�jPt!^K_�g�^Ae�]Kc:i9^NlKxy^+p�t�kOa	�`_�^KiSt2j:i�k�xz^ �@^+gSo�^KlS��nAg9nKi;cf{fn�
e�nKaGg�nKl i;nKl9a�o�_�^AkOk�^Kl o�_Zl9_�u�l�g�i�j4g �Sk�xznA]R��^KkOk�^YbZaO]Ai9cfl;]Kcft�a��`_�^:�:]Kcfe�l;n �`_�^Ke�]K^Bo�_Zt�i9c-]A^Kl9l;_�lro�^
{fi9^ �#j:{:^[e�c:e�_�e�a ) c:i9bZ^:v � ^AlSc:u�l9^Ai;s�j4g�aOc:e�l�t�i9nAkOa�bdaGe2j:aGi9^Al
bZnKi;a�g�^Ae`g
o#x ;Ag�i;^Nj:t�t�i9c ) c:e�o�aO^Al
t2j:iYk�j[l9_�aGg�^:v
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��j:e�l
]A^�]�2j:t�a�g�i;^�e�cf_�l
j:k�kOc:e�l>aOk�k�_�l�g�i9^Ai>kO^AlBt!c:g9^Kehg�aOj:kOaGg9nKl>o�^IkOjNg9^K]��e�a��-_�^�� �"! o�n$#
]Ki9aGg�^>j�_Z]�2j�t�a�g9i9^Y�St!cf_�i k�xzn+g�_�o�^Yo�_ZbZcf_�a�k�kOj�{f^�o�^Yo�^K_�p}g&%-t!^KlXo�^Yl9_�i('�j:]K^AlX��n+g�nKi;cf{f�Ae�^Kl*)
kO^Kl>l;_�i+'�j:]A^KlBe�j:e�c,#�l;g�i;_�]Ag9_�i9nA^Kl
j:i�g�a���]KaO^Ak�k�^KbN^Ke`gY^AgUk�j}l9_�i('�j:]K^�o#xy_�ew]R��^Asf^K_@v@��jNt�i9^Abda��Ki;^
]Kk�j�l9l9^ro�^rl9_�i('�j:]K^Al�g9i9cf_�sf^�_�e�^rk�j:i;{f^rj�t�t�kOa�]qj4g�a�cfe�o�j:e�l�kO^Xo�cfbdj:aOe�^XnAbd^Ai9{f^Ae`g�o�^�k�j>bda�]Ki;c,#- _�aOo�a.�`_�^0/2143=v

� xzc:u 
;^+gXo�^>]A^Ag9g9^Uo�aOl9]AaOt�k�a�e�^�^Al;gXo�^>bWj:e�aOt�_�k�^Ai0o�^Yg9cf_�g�^AlXt!^+g�aGg�^Kl5�-_�j:e`g9a�g�nAl o�^>kOa��`_�aOo�^
o2j:e�l>o�^AlUl(%-l;g��Abd^AlB]AcfbZt!cfl9nAl>o�^S]qj�e2j:_�p|o�^Sk�j:i;{f^K_�i�bda�]Ki9c[^Ag>l9_�u6#�bda�]Ki;cfe�a��-_�^:v��
^�g�^AkOl
l+%-l;g9�KbZ^KlYt�i;nKl9^Ae`g9^Ke`g>o�^�e�cfb[u�i;^K_�pLjqs�j:ehgj�{f^Kl�^KeLg9^Ki9bZ^
o@xz^ �d]Kj:]KaGg�n�^+gYo�^�i9j:t�aOo�a�g�n��`t2j:i
^+p�^KbZt�k�^�o2j:e�lZkO^|o�cfbdj:aOe�^Po�^KlWj:e2j�k�%-l9^AldbZnKo�aO]qj�kO^AlN^+gdu�aOcfk�cf{:a��`_�^AlKv � xzc:u�l9^Ai;s�j�g9aOcfe�o�^
k=xynK]Kc:_�kO^Abd^Ae`g�o�^�kOa.�`_�a�o�^Bo2j�e�lYo�^KlYe2j�e�c,#�l;g�i;_�]Ag9_�i9^AlYo�^�bdcf_�aOk�k�j:u�aGk�a g�nB]Acfe`g9i9cfk�nK^
^Kl�g>o�c:e�]
o#xz_�e�^�aObZt!cfi�gj:e�]K^7' cfe�o2j:bZ^Kehgj�kO^�^Ke|s-_�^�o�^AlUe�cf_�s:^KkOk�^Kl>j:t�t�k�aO]qj4g�a�c:e�lKv

��jw]Kj:i�j:]+g�nAi9aOl9j�g�a�cfe(o�_&bZcf_�a�k�kOj�{f^No�^dk�j�l;_�i+'�j�]K^Wo�_ ]R��^Asf^A_�^+g[o�^KlI�2u�i;^Kl�o#xycfi9a�{faOe�^
j:e�aObdj:kG^>^Kl�gYj:_�l9l9amg�i;�Klr_�g�a�kO^>t!cf_�iXkO^Kl g�i9j:a�g9^KbZ^Kehg�lX]��a�bda��-_�^KlXo�^B]K^Al�bWj4g�nKi;a�j:_-p}g�^AkOl8�`_�^
k�j|]AcfkOcfi9j�g�a�c:e#v + e o�nKt�a�gIo�^Z]K^Ak�j�k�^Kl�t�i;cft�i9a�nAg9nKl�o�^dbZcf_�a�k�kOj�{f^}k�c-]qj:k o�_ ]��^Asf^A_�i9^Al;g9^Kehg
t!^K_�]Acfe�e`_�^KlAv + e�_�g�aOk�a�l�j�e`g�t�k�_�l9a�^K_�i9lYk�a.�`_�a�o�^Kl "+g�^Al;g "�e�c:_�l>bZcfehg�i9c:e�l9�`_�^Sk�j�l9_�i('�j:]K^�o�_
]R��^+sf^K_[^Kl;g���nAg�nAi9cf{:�Ke�^�j:_�p�t!^Ag9a�g�^Al�nA]R��^AkOk�^KlD^Ag�e�cf_�l�^Al9l�j:%fcfe�l�o�^r]Acfi9i;nKkO^AiK�4j�_�bZcfa�e�l;�`_2j<#
kOa�g�j�g9aGsf^Abd^Ae`gK�-kOjIbdc:_�aOk�k�j:u�aGk�a g�nUk�c-]qj:k�^Bo�_P]��^Asf^A_wj5s:^K]�l9^AlYt�i;cft�i9a�^Ag9nKl�t��=%-l;aO]Kc<#J]��aObZa.�`_�^Al
o�^Sl9_�i+'�j�]K^>/2?@?43�v
ACBED F �HG��$IEI������KJ���LMG%$ON �QP �RLTSVU9W;U�$ ���QX  ��RL  �� ��ZY[L�W&$"G\P8WMG%$OU �RL
]_^a`[bdc:e@^@f[b"gih:c,j.k�bihml[nEb5bi`[g ' caopnEbdfqc,f[^ # b+rsg+`[oEri`[gihEnpbtc,`6uwv[g+^@v[gik�nErihpb"l[n9xy^@`zk.j�j�ca{anmcaf[k #bi^arigi^@v	nEbdvqcag5j�k�rs|z^@{@gicav[|zk�n � �5! l[nRx>^@fz^}op^@`[o~|[nEbdl[n_� �*� b+`[gdb+k.j�k.oEna�a�;nEbdx>^@f[^}op^a`[o~|[npbbi^@f�r"vzgihpv[cagihEnpb�op^@x>xyndl[hpoEgik�r"ca`y� 1 ���@���@�<�;c_j.k�rs|[^a{@gicav[|[k�ndbin ' c,k�rMnpf�`zrsk�j.k�bicaf=rM`zf[nmv	^@k�f=rin

� �5! rinpj � `���`[f�b(r % j.n$r /��<3 v	^@`[g*opginE`[binEg lznpb7b+k.j�j.^af[bRlqcafzb7j.c>b+`[g ' c,opnHl[nHj�c0xy^af[^}op^a`[o�|znop^@x>x>n�k.j�j�`[b(rsgih b+`[gRj�cw�[{[� � ���:cz�
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op^@x>v[j�n$u6n / � �a�<3 �6�5��nEf=e@nEj.^@v[v	n7n$u}rsnEgif[n l[n7j.cZ���[gin�&6j�cQoE`zrsk�op`[j�n'&}nEb+r9op^axyv	^@b+hpn7l[n7oEnpj�j.`[j�npbcav[j�c<rsk�npb9cavzv nEj.hEnpb hpopcak.j�j.nEbp�)(H��`[fznZj.^@fz{@`[np`zg9l���npf�e6k�gi^@f 1'* xyk�opg+^@f[bmv	^@`[g9`[f[n�j�c,gi{@nE`[gml[n
1 " � * npj�j.nEb f[nwl[hpvqc,bibinEf=rQvqcab j.n�xyk�opgi^af�l���hpvqc,k.bib+np`[gE�D�mnEbZoEnpj.j�`[j.nEb7bin bi`zv	npgiv	^abinpf�rHj�npb`[f[npbHc,`6u ca`zriginEb�"Vj�c xCc,f[k��Eginwl[npbHc,gil[^@k�binEbZl���`[f[n0ri^@k�ri`[gin�&�oEn � `[k5l[^@f[fzn+"Vj�c bi`[g ' caopnl[` o�|[n$e@np` b+^@f cabiv	nEoErQopcagscao$rshEgik.b(rsk � `zn ��
� �q{[� �z��,ac��$���;c vqcag(rsk�nwv[j�c,f[nwl[npb�hpo:c,k.j�j.nEb nEb+r
op^@`ze@nEg+rinQl���`[f[nZoE^@`[o~|[nQoE^@x>vqcao$rsn�nErR| % l[g+^@v[|[^ �	nZop^axyv	^@b+hpn�xCc.-+^@g+k�rscak�ginEx>npf�r l �2caoEk.l[nEb{@gscabE� ��n �	^@g+l j.k��zginZl[nEb7hpo:c,k.j.j�nEb�&q^@gik�npf�rshZe@npg+b j ��n�u}rsgihExyk�rshZl[` o�|znEe@np`/& npb(r op^a`ze@npg(r vqcag #rsk.nEj.j�nEx>npf�ryl[n vzgi^arihpk.fznpbyopn � `[k_o~|qcaf[{an j�c op^axyv	^@b+k�rik.^@fTn$r j.nEbyv[gi^av[gik�hErshEbClzn bi`[g ' caopnj.^}o:c,j.nEb l[`�o~|[nEe@nE`��

�O^@`[gRx>nEririginZnEf�hEe}k.lznpf[oEnHopn$rirsnQ|[h$rshpg+^@{@hEf[hpk�rsh�& f[^@`[b_c:e@^@f[b*h$rs`[l[k�hZvqcagRx>k.opg+^@bioE^@v[k�n
"Qo~|qcax>vyv[g+^}o�|[n*j.nRv	^arinpf�rsk.nEj lzn_b+`[g ' caoEn VSP

lzn_j.cZop`6rsk.oE`[j�n / � � � 3 � �mnEj�cQfz^@`[btl[^@f[f[n*l[npbk.f ' ^@g+xCc<rsk�^@fzb9bi`zgRj.nEb l[k10 hpg+npf[oEnpb*nEf�l[npfzbik�rihZl[nZo~|qc,gi{@nEb*n$r*l[n�l[k.v  @j�npb9v	npg+xCc,f[npf�rsbRv[g+h #binpf�rsb�"Zj�c�b+`[g ' c,opn*l[`>o~|[nEe@nE`6u �6�;c�rsnEo�|zf[k � `[n*l[nRxynEbi`[g+n*op^af[bik�b+rsnRl���c��	^@gil+"ZlzhErsnEgix>k.f[nEg
j�cCri^@v	^@{@gicav[|[k�nwl[n j ��hpo~|qcaf�rsk.j�j�^af�vqcag�j ��`[f l[npbZx>^}l[npb�l % fqc,xyk � `[npb�l[hpoEgik�ribQc,` o~|qc,v[k�rigin,yvqcag_j�npb � `znpj�b7j.nQj�nEe}k.nEg*^@bioEk.j�j.nQca`zri^@`[g*l[n�bic ' g+h � `[nEf[opnwl[nHgihEbi^@fqc,f[opn fR = 2πωR

� +5f #bi`[k�rsn\j�nVj.n$e6k�npg � op^axyv	^@b+h\l���`[f xyc,rihpgik.ca` oE^@f[l[`[o$rsnE`[g>^@`TbinExyk�op^@fzl[`[o$rsnp`zg��wf���nEb+ryvzj.`[b
n$u6opk�rsh x>hpopcaf[k � `znpx>npf=rwxycak�bHhEj.npo$rsg+k � `[npx>npf�rwnpf j�`[k8cav[v[j�k � `qcaf�r�`[f[nCrsnEf[bik�^@f caj�rinpg+f[hpn
Vz + V cosωRt

� j ��hpo~|qcaf�rsk�j.j�^af�oE^@f[b+rik�ri`[n�j ��hEj.npo$rsg+^}l[nHl[n�gih ' hpginEf[opnL�$��� f�gin$rsgicaopnwcaj�^@gib*j�crs^@v	^@{agscav[|zk.n l[nZj ��hEo�|[caf=rik.j.j�^@f l[nZb+^@g+rin � `[nQj.cwv	^@k.f�rsn�nEb+r �qcaj.c % hEn�" `[fznQlzk.b+rscaf[oEn��zu6n dl[nZj�cwbi`[g ' caopn / � ��2,3 ��;c ' ^agiopn hEj.nEoErigi^@b+rsc,rsk � `[n ca{ak.bibicaf=r�b+`[g�j�c v	^@k.f�rsn ' cak�rV^@bioEk.j.j�npg j.n j.n$e}k.nEg�c e@nEo `[f[ncaxyvzj.k�ri`[l[n3"\j�cVgihEbi^@fqc,f[opn
A(ωR) ∼ Vz − VSP / � � �)&5� �'2<3 �54&jdbi`76>r�caj.^agib�l[n0e,cag+k.nEg Vzj.^@g+b l[` �qc,j�c % c,{@n�l[n ' c'8p^@f � `[n A(ωR) = 0 9 v	^@`zgR^ �zrsnEf[k.g `[fznQxynEbi`[g+nQl[`�v	^arsnEf=rik.npj�l[nbi`[g ' caopnZl[nZj ��hpo~|qcaf�rsk.j�j�^af��]_^a`[b c e@^@fzb7rsg+^@`ze@h � `[nwj�nHv ^,rsnEf=rsk�npjMl[n�bi`[g ' caopn�l[npb7hpo:c,k.j�j.nEb_nEb+r binpfzbik��zj.nExynEf=r vzj.`[bhpj.n$e@hQv[g!�pb*l[nQj.nE`[g �	^agil�j�k��[g+n'&zopn � `[k;k�f[l[k � `[n � `[nHoEnpb*gihp{ak.^@f[b bi^@f�r_v[j�`[bRv	^@j�c,k.g+npbp���mnpoEkv	np`zr"bp��n�u6v[j.k � `[npg"v[cag�j�c*v[gihEbinpfzopnRj�^}o:c,j.ntl[n9vzgi^arihpk�f[npb�l[^@f�r"opnEg+r~c,k.f[b�{@g+^@`[v	nEb�&@c,`wop^@f�r~cao$rl[nZj ��n:ca`�cal[b+^@g��	hEnQbi`zg*j.c b+`[g ' caoEnQl[`�o~|[nEe@nE`:&	v	nE`ze@npf�r �$rsginZk�^@f[k.b+hpbE�� f>v	np`6r8l[^@fzo*b+`[v[v	^@b+npg � `zn*j.n@�	^@g+l>l[npbthEo:cak�j.j�npb"npb(r8v[j�`[bd| % l[gi^@vz|[k.j�n � `zn*j�c bi`[g ' caopnginpb(r~caf�rsn>l[` o~|[nEe@nE`�� �O^@`[g�e@hpg+k��qnEgQoEnEr+rsn>| % v	^ari| �pb+n'&Mf[^a`[bHc ea^@f[bQx>^@`[k�j�j�hwl[nEbQo�|znEe@nE`6u;=< %$' ')% 2B*-,9E:8 ')6�/�%F%�.'0*K%�. 6�H?>!%�2=@4%!3(69> 2B*-,9E:8BA�3+2�')%+69HDCFE
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